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PREFACE 

The  importance  of  Heaviside's  contributions  to  electrical 
theory  is  now  generally  recognized  and  appreciated.  His 
teachings  nevertheless  are  available  to  only  a  comparatively 
few;  to  the  many  engineers  and  physicists  who  could  profit  much 
by  it,  the  work  of  Heaviside  is  more  or  less  a  sealed  book. 
This  may  be  accounted  for  largely  as  due  to  the  novel  and  original 
mathematical  processes  he  has  introduced  and  applied  with 
such  extraordinary  skill  in  the  solution  of  many  problems;  and 
also  to  some  extent  to  the  lack  of  any  attempt  to  correlate  and 
present  his  teachings  in  a  systematic  manner  suitable  for  one 
approaching  the  subject  for  the  first  time. 

Heaviside  was  not  only  a  great  mathematician,  he  was  also  a 
great  physicist;  and  it  is  the  knowledge  of  the  physics  of  the 
problems  which  guided  him  correctly  in  many  instances  to  the 
development  of  suitable  mathematical  processes.  He  concerned 
himself  little  with  formal  proofs  or  rigorous  demonstrations. 
As  he  remarked:  "In  working  out  physical  problems,  there 
should  be,  in  the  first  place,  no  pretense  to  rigorous  formalism. 
The  physics  will  guide  the  physicist  along  somehow  to  useful 
and  important  results,  by  the  constant  union  of  physical  and 
geometrical  or  analytical  ideas." 

There  is  really  nothing  intrinsically  difficult  about  Heaviside's 
mathematical  processes.  Once  the  underlying  principles  of 
the  operational  methods  are  understood,  and  for  that,  a 
knowledge  of  comparatively  elementary  mathematics  only,  is 
required,  a  way  is  immediately  opened  to  the  student  for  the 
utilization  of  a  considerable  part  of  Heaviside's  work,  particu- 
larly in  so  far  as  it  relates  to  engineering  problems.  As  an 
illustration,  we  may  refer  to  the  now  celebrated  Expansion 
Theorem.  Electrical  engineers  could  be  easily  taught  its  mean- 
ing and  use  in  the  solution  of  problems,  and  there  is  no  reason 
why  it  should  not  have  by  this  time  found  its  way  into  engineer- 
ing text-books. 

This  book  is  an  attempt  to  present  some  of  Heaviside's  work 
in  a  manner  to  appeal  to  the  engineer.     It  is  put  forth  in  the  hope 
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that  it  will  serve  as  a  suitable  introduction  acquainting  the  stu- 
dent with  the  principles  of  operational  calculus  and  their  applica- 
tions to  engineering  problems.  Great  care  was  taken  in  the 
choice  of  material  and  its  arrangement  with  a  view  to  unfolding 
the  subject  in  a  gradual  way,  and  at  the  same  time  emphasizing 
throughout,  the  utility  of  these  mathematical  processes  in  facili- 
tating the  solution  of  engineering  problems.  All  the  way  through, 
illustrations  are  introduced  at  every  step  in  the  development  of 
the  subject  to  make  it  more  readily  comprehensible,  and  at  the 
same  time  serving  to  emphasize  the  utility  of  the  mathematical 
methods.  The  Expansion  Theorem  is  stressed  throughout, 
showing  its  applicability  to  the  solution  of  such  varied  problems 
as  Transmission  Lines,  Electric  Filter  Circuits,  Artificial  Lines, 
and  others. 

In  the  choice  of  illustrations,  I  have  not  confined  myself  to 
Heaviside's  writings,  since  he  concerned  himself  mostly  with 
problems  relating  to  transmission  lines  and  cables.  It  was 
rather  my  aim  to  show  the  wider  applicability  of  Heaviside's 
mathematical  processes,  and  for  this  reason,  I  sought  to  include 
varied  problems.  It  is  hoped  that  the  discussions  of  some 
of  the  problems  given  here,  such  as  filter  circuits,  artificial  lines, 
and  others,  have  some  intrinsic  merit  of  their  own,  and  will  be  of 
interest  to  engineers. 

The  author  wishes  to  acknowledge  his  deep  obligations  to 

Heaviside  for  the  benefits  derived  from  the  study  of  his  writings. 

This  little  book  is  put  forward  as  a  personal  tribute  to  him  and 

also  with  the  expectation  that  it  may  serve  as  a  stimulus  for 

others  to  study  his  works. 

The  Author. 
Washington,  D.  C. 
August  2,  1928. 
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INTRODUCTION 

Doctor  Louis  Cohen's  studies  of  Heaviside's  work  are  well 
known  from  his  publications,  and  they  are  highly  appreciated. 

Electrical  engineering  is  to  be  congratulated  upon  the  fact 
that  Dr.  Cohen  in  this  book  gives  us  a  splendid  summary  of 
that  part  of  Heaviside's  mathematical  analysis  which  bears  upon 
the  theory  of  the  electrical  circuit.  It  will  be  found  that  Dr. 
Cohen's  presentation  of  this  subject  is  so  clear  and  simple  that 
many  of  the  difficulties  which  the  student  finds  in  Heaviside's 
original  work  have  disappeared.  Heaviside's  work  is  epoch 
making  and  every  electrical  engineer  should  familiarize  himself 
with  it,  to  that  extent,  at  least,  which  is  given  in  the  judiciously 
selected  parts  discussed  in  this  excellent  book. 

M.    I.    PUPIN. 

Norfolk,  Conn. 
August  20,   1928. 


HEAVISIDE'S 

ELECTRICAL  CIRCUIT 
THEORY 

CHAPTER  I 

OPERATIONAL  CALCULUS 

The  Application  of  Operational  Calculus  to  the  Solution  of  Circuit  Problems 
of  Concentrated  Inductance,  Capacity,  and  Resistance. 

Any  investigation  in  electric-circuit  theory,  to  be  at  all  compre- 
hensive, must  necessarily  concern  itself  with  the  study  of  the 
voltage  and  current  distribution  in  the  branches  of  any  circuit 
network  during  the  transient  state  as  well  as  in  the  permanent 
state.  The  problems  in  electric-circuit  theory  relating  to  the 
steady-state  condition  do  not  generally  offer  any  mathematical 
difficulties,  even  for  the  case  of  circuits  of  distributed  inductance, 
capacity,  and  resistance;  such  problems  are  now  fully  discussed  in 
engineering  textbooks.  The  mathematical  equipment  of  the 
engineering  student  is  quite  sufficient  to  enable  him  to  follow 
intelligently  any  discussion  relating  to  such  problems.  In  the 
case,  however,  of  the  study  of  transient  phenomena,  problems 
arise  which  are  much  more  difficult,  and  special  mathematical 
methods  must  be  provided  to  facilitate  and,  in  some  cases,  to 
make  at  all  possible  a  solution. 

Heaviside  was  chiefly  interested  in  telegraphic  problems,  deal- 
ing with  matters  relating  to  the  propagation  of  electric  impulses 
in  conductors,  and  as  such  had  to  deal  exclusively  with  transient 
effects.  This  led  him  to  the  development  of  the  operational 
calculus,  which  he  used  with  remarkable  skill  and  brilliance  in 
the  solution  of  many  problems  which  would  otherwise  have  been 
either  altogether  impossible  of  solution  or  at  least  would  have 
involved  mathematics  of  great  complexity.  The  mathematical 
methods  which  Heaviside  evolved  are,  of  course,  applicable  to 
the  solution  of  problems  in  other  branches  of  engineering,  and 
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emphasis  should  be  placed  on  the  methods  rather  than  on  the 
specific  problems  used  to  illustrate  the  appHcability  of  the 
methods. 

To  begin  with,  we  shall  consider  a  few  simple  problems  utiliz- 
ing direct  operational  methods  to  obtain  the  solutions,  which 
may  serve  as  an  introduction  to  familiarize  the  student  with  the 
general  concept  of  operational  solutions. 

Circuit  of  Inductance  and  Resistance. — Consider  the  case  of 
the  current  rise  in  an  inductive  circuit.  Suppose  we  have  a 
circuit  of  inductance  L  and  resistance  R,  and  a  steady  voltage 
E  applied,  what  is  the  currect  in  the  circuit  at  any  time  after 
^'W/A\  closing  the  circuit  ?     We  have,  of  course,  the 

R  t,  well-known  differential  equation  for  this  cir- 

cuit condition,  which  is  as  follows: 

L^^  +  Ri  =  E.  (1) 


Fig.  1. 


The  usual  method  for  solving  this  equa- 
tion, to  obtain  an  expression  for  the  current, 
is  to  assume  a  solution  of  the  form: 

i  =  A€^'  +  B.  (2) 

which,  on  substitution,  gives 

(LX  -f  R)Ai^'  +  BR  =  E.  (3) 

Since  this  is  to  hold  for  all  values  of  t,  the  following  relations 

must  be  satisfied: 

LX  +  /^  =  0;  BR  =  E, 
which  give 

Hence, 


^  =  -V  ^-  R- 

1    ~l'    1    ^^ 


To  satisfy  tlic  condition  that  the  current  in  the  circuit  is  to  have 

E 
zero  value  when  t  =  0,  the  constant  A  must  have  the  value  —  „• 

We  finally  arrive  at  the  following  equation: 

i  =  ^:.(\-  6"^'  (4) 


-S(.^.-;> 


the  well-known  expression  for  11h>  current  rise  in  an  Liiductive 
circuit. 

We  siiall  now  obtain  the  solution  to  the  same  pr<)l)h'm  by  the 
operational    method.      I'se    the    symbol    jt    to    designate   differ- 
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entiation  to  time — that  is,   p  =  d/dt — and  equation  (1)  takes 

this  form: 

(Lp  +  R)i  =  E, 
and 

This  is  a  symbolic  solution,  giving  the  current  in  terms  of  the 
constants  of  the  circuit  and  the  symbol  p,  which  is  to  be  alge- 
brized,  as  Heaviside  would  say,  to  obtain  the  real  solution.  We 
proceed  as  follows :  Write  equation  (5)  in  this  form  : 

'  =  L^~+R  =  —(- ^'  (^^ 

Lp(l  + 

by  division,  we  have 

*      Lpy      Lp^  Up''      Up^^  •  ■  •    \E. 

The  operation  on  iS"  by  l/p=  p~^  signifies  integration  of  E  from 
0  to  t.     This  is  a  consequence  of  the  following  consideration: 

Given 

pu  =  V, 
then 

u  =  p~^v,  ^ 

and 

pu  =  pp~h^  =  V. 
Hence, 

pp~^  =  1. 

Thus,  p-^  represents  an  operation  on  any  quantity  that  if  the 
operation  by  p  be  subsequently  performed,  the  quantity  is 
unaltered.  An  operation  by  p~^  is,  therefore,  equivalent  to  an 
integration.  Operating  by  p~^  on  a  unity  function  (that  is,  one 
which  has  zero  value  for  ^  <  0  and  is  equal  to  1  for  all  values  of 
t  >  0),  we  get 


^  =    \  dt  =  t, 
V       Jo 


1  r'  t^ 

^.  =  J;^^  =  ^'  .  (8) 


p"       Jo  (n-l)!  n!' 
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Using  these  integration  values  in   (7),  it  transforms  into  the 
following: 

.        El.       R.,R-'P       R'  t'  \ 

_R 

The  bracket  expression  in   (9)  is  the   expanded  form  of  e    '■  ; 
hence, 

E  -"t 


i    =    J      6      !'■  (10) 

Operating  now  on  e    ^   by     '  that  is,  integrating  the  exponential 

factor,  we  obtain  the  complete  solution  for  the  current  in  the 
circuit  as  follows: 

E 


dt  =   -  ,, 
h 


u 


which  is  the  same  as  (4). 

In  this  simple  problem,  the  operational  method  does  not  appear 
to  offer  any  particular  advantage  over  the  older  method,  but  it 
serves  to  illustrate,  by  a  simple  example,  the  general  process  of 
the  operational  method.  In  more  complex  problems,  the  advan- 
tage of  the  operational  method  will  become  evident.  We  note, 
however,  that  in  the  development  of  the  solution  to  the  preceding 
problem,  we  have  established  the  relation 

1  +  ^;;. 


or,  more  generally, 


P 


(12) 


7)  . 

Optirating  on  unitv  function  i)y  —  ,  -    ^-lelds  e^"'.     TliLs  formula 

p  -t  (I 

turns  up  frequently,  and  we  shall  have  occasion  to  use  it  in 

connection   with    other   problems.     In   fact,    with   the   relation 

(12)  given,  wiiieh  could  have  been  establisjied  without  regard  to 

any  particular  problem,  the  solution  to  the  preceding  problem 

would  have  been  much  simplified. 
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Circuit  of  Capacity  and  Resistance. — Take  the  case  of  a 
circuit  of  capacity  C  and  resistance  R,  and  a  steady  voltage  E 
applied,  to  obtain  the  expression  for  the  charging  current.  The 
circuit  equation  for  this  case  is 


Ri  + 


^  I  idt  =  E, 


symbolically 


-wwwv 

R 


E 


(«-c^) 


R  +  -^^y  =  £, 


and 


Fig.  2. 


I  = 


E 


E 


R  + 


Cp 


R  I  + 


RCp) 


(13) 


This  is  of  the  same  form  as  (12),  a  =  1/RC,  and  the  solution  can 
be  written  down  at  sight. 


^   —.        ,     RC  . 

*       R^ 


(14) 


Circuit  of  Inductance,  Capacity,  and  Resistance. — As  another 
example  illustrating  the  applicability  of  direct  operational 
method,  we  may  consider  a  circuit  comprising  inductance, 
capacity,  and  resistance.  The  circuit  equation  expressed 
symbolically  is  as  follows : 


AVWWV 
R 


Lp^-R  +  ^]i  =  E 


and 


I  = 


E 


Lp  +  R  + 


FiG.  3. 


Cv 


This  equation  can  be  put  in  the  following  form : 

.  ^  Ep 

~  L(p  -  px){p  -  Pi)' 

where  pi  and  p2  are  the  roots  of  the  quadratic  equation 

LCp^  +  RCp  +  1=0, 
that  is, 

pi  =    -a  -j-  jl3\ 
Pi  =   -a  -  j^\ 


(15) 


(16) 


(17) 
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where 


a  =  2^ '  and  0  = 


\LC 


4L2' 


Equation    (16)   can   ho   resolved   by   partial  fractions  into  the 
following: 

Ep         \       \  1      ) 


Livi  -  Pi)  I  V  -  Pi       P  -  P\ 


E 


L{pi  -  pi) 


1 

1  - 


1 


?2 

P 


1  - 


(18) 


By  (12),  each  of  the  bracket  terms  operating  on  unity  function 
is  converted  into  an  exponential  term;  thus: 


1  ,        1 


=  «Pi' 


Hence, 


i_pi 


I  = 


1  - 


Pi 


E 


iAp2  -  Pi 


\fpi'  -  fpl'] 


(19) 


Substituting  the  values  of  p2  and  ])\  from  (17),  we  get 

Ee-'^' 


^€-°'  sin  &t 


'=-2^^' 


u 


(20) 


In  the  problems  considered  above,  the  application  of  a  steady 
voltage  was  assumed.  The  operational  method,  however,  is  not 
at  all  restricted  to  that  particular  type  of  voltage;  it  is  equally 
effective  in  the  solution  of  problems  for  alternating  voltages. 
Since,  however,  a  periodic  alternating  voltage  of  any  form  may 
be  resolved  into  simple  harmonic  components,  it  will  be  sufficient 
to  consider  only  the  case  of  applied  siiiij)l(^-harmonic  voltage. 

Inductive  Circuit,  Applied  Alternating  Voltage. — In  the  case 
of  an  inductive  circuit,  applied  voltage  simple  harmonic, 
E  cos  ut,  the  circuit  equation  is 

(Lp  +  R)i  =  E  cos  uit, 
and 

E  cos  (Jit 


Lp  +  ir 
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or 

.  ^  £(<'■'  +  ^-<"')  (21) 

To  algebrize  the  above  equation  involves  operating  on  an  expo- 
nential function  by  the  operator  (  1  +  ^^ )    •     It  is  desirable 

to  establish  first  a  general  formula  for  this  operation.     Consider 
the  following  equation : 

u  =  — ^e^'.  (22) 

P 

By  division, 

,=    |l_«  +  1-^3+   •••1^^  (23) 

which  impHes  successive  integrations  of  the  exponential  term 
from  0  to  t.     Thus: 

Jo  ^ 

Repeating   the    process   over   and    over,    we   get   for  the    nth 
integration 

jj-n^\t  =   —  (e^'  —    1)   — 


Xnv^         ^^       X"-i       X"-22!       X"-^3! 

Substituting  these  integration  values  in   (23)   and  combining 
terms  of  the  same  powers  of  t,  we  obtain  the  following: 

M  =  I  1 


y     X  ^  x^     x3  ^         / 

) 
••) 

+  X    2!V"X  +  V"X3'^   •  "  ,/ 


a/  a       a^  _  a^ 

"^  XV         X  "^  X2  ~  V  "^  ■  ■ 

a.   .J .       a       a-       a^ 

-  x^^'V  -  X  +  V  -  X3  + 


+ 
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Each   of   the   bracket   terms   is   the   expansion   of  the  fraction 
,  hence, 


«=-«t"+x('-'"+^f-'3r+ 


)1 


+ 


+ 


i+?      i+?    1+^ 


(24) 


X  X  a 

By  the  aid  of  this  fornmhi,  (21)  can  be  algebrized  at  sight, 
replacing  X  byjco  or  —  jw,  and  a  by  R/L.  This  gives  the  following 
result : 

R.      ^ 


I  = 


2Lp 


J'^t 


+ 


C-JU)< 


rf' 


+ 


+ 


(25) 


Operating  on  the  bracket  terms  of  (25)  by  1/p,  that  is,  integrat- 
ing between  the  limits  0  and  t,  we  obtain : 


I  = 


E 


Ju,< 


1 


2   \R-\-Ljoi       R  -\-  Ljo: 


+ 


-M 


rl' 


R  —  Ljo)      R  —  Lju 


+ 


1 


E 
2 


iuf 


7?4-iLa)    '     /?  +  Lia;         R  -  jLc 

f—jwt 


+ 


1 


+ 


_J{ 
2Re    '^' 

R'  +  L-co2 


R  -  JLo,  J 
(26) 


R  +  Ljco       /?  —  Ljo) 

Replacing  e"^'  by  cos  ut  -\-  j  sin  a;/,  and  t "•'"''  by  cos  a7  —  j  sin  co/  and 
combining,  the  above  simplifies  to  the  following: 


i  =  E 


m 


R  cos  cot  +  i^<^  sin  to/ 


i22  +  LW 


R^  +  L2w2 


ERt   ^ 


cos  (wf  —  <p) 

tan  <P  =    j^- 


(27) 


Tlio  first  right-hand  term  of  (2(1)  is  the  steady  component 
current,  and  the  second  term  the  transient  component,  which 
decreases  to  zero  as  t  increases. 
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The  derivation  of  the  above  expression  Was  carried  through  to 
how  the  straightforward  process  in  operational  solutions.  The 
same  result  can  be  arrived  at  by  a  simpler  method,  utilizing  the 
"shift  principle";  that  is,  shifting  the  operand,  the  exponential 
factor,  to  the  left,  suitably  modifying  the  operator,  and 
operating  on  unity  function.  This  will  be  clear  from  the  follow- 
ing mathematical  considerations: 

Shifting  of  Operand. — If  X(t)  denotes  an  algebraical  rational 
function  of  t  which  can  be  expanded  in  ascending  or  descending 
powers  (or  both)  of  the  variable,  the  following  relations  obtain : 

/(p)e«'  =■  /(a)€«'  (28) 

For  since  p  stands  for  d/dt,  we  have 

Operating  on  both  sides  by  p~S  we  get 

But  p~^p  =  1,  hence, 

Repeating  the  operation,  we  get 

also, 

By  repeated  operations,  we  obtain  the  following  relations: 

Now  as  /(p)  is  an  algebraical  function  which  can  be  expanded 
in  powers,  we  may  write, 

/(p)€"'  =  [Ao  +  A,v  +  A2V^  +  Asp^  +   •  •  • 

5,79-1  +  B2P-2  +  B,v-^  +   .   .   .   }e«' 
=  (Ao  +  Aia  +  A^a?  +  A^a^  +   •  •  • 

B,a-^  +  B^a--  +  B^a-^  +  •  •  •   |c°' 
=  /(a)e«'.  (30) 

which  establishes  the  relation  (27). 
If  T  denotes  any  function  whatever  of  t,  then 

/(p){6«'r}  =  e^i{v-\-a)T.  (31) 

that  is,  changing  p  to  p  +  a,  shifts  the  factor  e°'  to  the  left, 
and  the  operand  is  reduced  to  T.  The  proof  of  this  is  as  follows: 
A  single  operation  with  p  gives 

pe^T  =  ae'^'T  +  e'^'pT  =  e«'(p  +  a)T. 
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Repeat  the  operation, 

ppe'^'T  =  pe'^'ip  +  a)T 

=  ae^'ip  +  a)T  +  e-'pip  +  a)T 

=  e<"(p  +a)(p  +a)r. 

Hence 

p2^a«7^  =  e-'Cp  +  aYT. 

By  repeated  operations,  we  get  the  result 

p"e»'r  =  e°'(p  +  a)"r. 
Obviously,  (32) 

Consider  now  the  case  of  negative  indices;  write, 

(p  -\-arT  =  TuT  =  (p  +  a)-"^!, 
introduce  this  value  of  T  in  the  first  equation  (32), 

p"€»'(p  +  a)-"Ti  =  ("Ti. 
Operate  on  each  side  by  p~",  and  the  result  is 
€»'(p  +  a)-"^!  =  p-"e'"Tu 

Now,  no  Hmitations  were  assigned  to  the  form  of  T,  and  there  is, 
therefore,  none  to  Ti,  which  can  represent  any  function  of  T; 
replacing  it,  therefore,  by  T,  we  get 

p-"e°'r  =  €'"(p  +  a)-"T.  ] 
Similarly,  (33 ) 

p-"e-'"T  =  €-°'(p  -  a)-"T.] 

Since  f(p)  is  expressible  as  a  series  in  ascending  and  descending 
powers  of  p,  we  can  for  each  term  separately  shift  the  factor 
e"'  to  the  left  and  change  p  to  p  +  a  in  each  term.  There  results 
the  relation 

f(p)e-'T  =  e»'/(p  +  a)T.  (34) 

That  is,  in  operating  on  a  time  function  which  has  a  factor  e"', 
this  factor  may  be  shifted  to  the  left  by  changing  every  ;;  in  the 
operator  to  p  +  a.  If  the  entire  operand  is  e"',  then  shifting  it 
to  the  left  and  changing  p  to  p  +  «  changes  the  op(>ran(i  to 
unity  time  function. 

Solution  of  Inductive  Circuit  Problem  Utilizing  the  Shift 
Principle. — The  utilization  of  the  shift  principle  established  in 
the  preceding  section  is  frequently  very  useful  in  operational 
solutions.  As  an  illustration  of  the  application  of  (he  shift 
principle,  we  may  consider  the  same  problem,  that  of  the  cur- 
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rent  rise  in  an  inductive  circuit  under  the  application  of  an 
alternating  voltage.     By  (21),  we  have 

'  =  2  [zf^fR  +  LF+^  I  ^^^^ 

Consider  each  right-hand  term  of  (34)  separately.  For  the 
first  term,  shift  the  exponential  factor  to  the  left,  and  change 
p  to  p  +  ico  m  accordance  with  (34) ;  we  get 


M  1  e^o^t/         R  +  Lj 


.)-■ 


Lp  +  R  ~  "  Li^jo^)  -^  R~  Lp\  "^  Lp  '  '  ^  ^ 
and,  in  this  case,  the  operand  is  unity.  Operating  by  the  bracket 
term  on  unity,  we  have,  by  (12), 

and  this,  again,  is  to  be  operated  on  by  1/p;  that  is,  integrating 
from  0  to  t,  which  gives 

dt=  -^-^\e        ^-  1 


j: 


lo  R  -\-  Ljoj 

Introducing  this  in  (36)  gives 

Lp^R  "  ~R-\-Ljc^Y 


-    1 


R  -\-  Ljo)       R  +  Ljo) 
Carrying  through  the  same  operation  in  connection  with  the 
second  right-hand  term  of  (35),  the  same  result  will  follow  except 
for  the  change  in  sign  before  jw,  that  is, 

Lp  +  R  R  -  Ljco'^  R  -  Ljco'  ^     ' 

Introducing  the  values  from   (37)  and   (38)  in   (35)  gives  the 
expression  for  the  current. 

.  _E\   y;-' e-^'"^ 2R__    -It 

'^  ~  2  \R-\-  Ljoi^  R  -  Ljo)       R^  +Ui/ 
which  is  the  same  as  (25). 

It  is  seen  that,  in  this  problem,  at  least,  utilizing  the  shift 
principle  has  introduced  a  considerable  simplification  in  the 
solution.  It  is  a  useful  principle,  which  can,  in  some  cases,  be 
taken  advantage  of  to  facihtate  operational  solutions. 
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Circuit    of    Capacity    and    Resistance    Applied    Alternating 
Voltage. — The  circuit  equation  is  as  follows: 

ii  R  +  ^.    1  =  £■  cos  (Jit, 

.  _  E  cos  Oil  _  ECp(^±e^^  f.^. 

'  "   p    ,    J^  "      2(1  +  RCp)     '  ^^^^ 

^^  "^  Cp 

Shifting  the  operands  e"^'  and  e"-'"'  to  the  left,  we  get 


I  = 


Ee^-'  I       C(p  +  jo:)        \     ,    £e->-'  C'(p  -  J 


2      l  +  /2C(p+ico)J    '       2      [l  +  i2C(p-ia,) 


+        o—     ,     ■     o^.„        -/  ^  h    (41) 


Each  of  the  bracket  terms  is  to  operate  on  unity  time  function. 
Consider  each  bracket  term  separately. 

1  Jlo 

C(p  +  jo:)  R^  Rp 

1  +  RC{p  +  jco)  1  +  /gCjco 

^      RCp 


operating  on  unity  by rx~p7^  g^^es,  by  (12),  €    ^^<^   '">'  , 

"^      «Cp 

antl  this,  again,  is  to  be  operated  on  by  (/.  +  />    )' 

Hence, 

C{p+jo:)^      _    1   -(^+i")'    ,     .CO  r-(«V+-)'rff 

l  +  /2C(p  +  ic.)  -/?'  ^^Rjo 

_    l,-(//r+-)' l_,-(/;r+-)'    ,       _J (41) 

( Jo:  tjo: 

In  a  similar  way,  we  get  for  the  second  right-hand  bracket  term 

c(P-j<^)    ^  !,-(/;<--)' L.  r  (/A--)'  , 

l+RCip-jo:)         if  R-      ^ 

(jo: 

— ^-  (42) 

R  -  r- 
Cjo: 
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Introducing  the  values  from  (41)  and  (42)  into  (40)  gives 


E  \  I  -  j^, 


'  =  2W 


RC  _ 


1  -±-    , 
^e     RC  + 


1 


R  + 


Cjo, 


R  + 


r^"  +  i^-^'- 


Q-o, 


R 


1        -—   , 

^  e     RC  + 


1 


ju 


R 


1 


This  transforms  by  simple  algebra  into  the  following: 

1 


(43) 


i  =  E, 


=  E 


t 

RC 


Ril  +  R-'CW) 


RC 


R(l  +  R^CW) 


+ 


R  cos  cjt  —  7^—  sin  cot 
Ceo 


7?2  + 


C' 


+ 


cos  (oj^  +  \f/) 


\ 


i?2  + 


C2 


(44) 


tan  \p  = 


RCc 


The  first  term  is  the  transient  component,  and  the  second  term 
the  permanent-current  component.  For  co  =  0,  that  is,  steady- 
voltage,  (44)  reduces  to 

E  ~  RC 

'  =  r'      ' 

The  derivation  of  the  solutions  to  the  above  problems  by  the 
operational  methods  illustrates  the  general  process  of  operational 
solutions.  Simple  problems  were  selected  with  a  view  to  empha- 
sizing the  process  rather  than  showing  the  application  to  the 
solution  of  more  difficult  problems.  These  will  also  serve  as  an 
introduction  to  the  discussion  of  the  expansion  theorem,  taken 
up  in  the  next  chapter,  which  is  a  development  of  the  operational 
methods  but  offers  a  more  direct  way  of  obtaining  a  solution, 
avoiding  many  intermediate  steps  and  saving  much  work. 
Other  illustrations  of  direct  operational  methods  will  be  given 
in  the  discussion  of  circuits  of  distributed  electrical  constants. 


CHAPTER  II 
EXPANSION  THEOREM 

Tho  importance  of  the  expansion  theorem  in  the  solution  of 
problems  in  electric-circuit  theory  cannot  be  overemphasized. 
It  applies  to  all  kinds  of  circuits;  concentrated  inductances  and 
capacities,  or  distributed  inductances  and  capacities,  giving 
directly  the  solution  for  the  current  and  voltage  distribution 
in  the  circuits;  the  steady  as  well  as  the  transient  state.  Of 
course,  its  greatest  utility  is  in  the  facility  it  affords  for  obtaining 
solutions  for  transient  effects,  which  may  be,  in  some  cases,  very 
difficult  if  not  altogether  impossible  to  obtain  by  the  usual 
methods. 

Why  this  tremendously  useful  theorem  should  have  remained 
so  long  unappreciated  and  not  made  more,  extensive  use  of  can 
be  explained,  perhaps,  as  due  to  the  fact  that  Heaviside's 
mathematical  methods,  because  of  their  originality  and  novelty, 
were  not  fully  comprehended  for  some  time  and  were,  therefore, 
neglected.  Within  recent  years,  however,  more  attention  has 
been  given  by  physicists  and  engineers  to  Heaviside's  work,  and 
quite  a  number  of  papers  were  written  to  elucidate  and  amplify 
his  writings. 

The  mathematical  fornmlation  of  the  expansion  theorem  is  as 
follows : 

•  ^       E         ;^  f;^ 

'      Z(p),./€i      dZ(p)  '  ^' 

^'"  'dp-P  =  ^'" 

The  meaning  of  it  is  this:  Given  any  network  of  circuits,  and  a 
steady  voltage  applied  at  any  point  in  the  system,  the  current  is 
given  by  the  above  expression;  the  first  right-hand  term  repre- 
sents the  steady-state  component,  and  the  summation  term 
gives  the  transient  component.  Z(p)  is  the  generalized 
impedance  of  the  system.  Z(p),_o  is  the  value  of  Z{p)  when 
7>  =  0,  and  the  summation  term  is  to  extend  to  all  the  roots  of 
the  equation  Z{p)  =  0.  The  meaning  and  method  of  using  it 
will  be  clearer  as  we  go  through  with  the  process  of  derivation 
and  the  application  to  the  solution  of  various  problems. 
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The  method  and  reasoning  by  which  Heaviside  arrived  at  this 
theorem  is  rather  difficult  to  follow,  involving,  as  it  does,  closely- 
theoretic  reasoning  of  a  dynamical  system,  this  is  given  in  Chap. 
VIII.  It  is  not  at  all  necessary,  however,  that  we  follow  his 
method;  the  derivation  may  be  obtained  by  a  simpler  method 
involving  only  algebraic  processes,  which  the  author  has  given  in 
a  paper  published  in  the  Journal  of  the  Franklin  Institute, 
December,  1922. 

DERIVATION  OF  EXPANSION  FORMULA 

Given  any  network  of  circuits,  the  combined  impedance  of  the 
circuit  system  being  designated  by  Z{p),  then,  obviously,  the 
current  is  given  by 

Z(p)  always  contains  p  in  various  powers,  and,  in  general,  Z{p) 
can  be  written, 

Z(p)  =  p"  +  aip"-i  +  a2P"-2  +   •  •  •  ,  (3) 

Let  the  roots  corresponding  to  Z{p)  =  0  be  pi,  p^,  ps,  etc.,  then 
(3)  may  be  written  in  this  form: 

Z(p)  =  {p  -  Pi)(p  -  P2)(p  -  Ps)  '  '  '  , 
and 

i  =  1 (4) 

(P    -    Pl)(P    -    P2)(P    -   Pz)     •    •     • 

The  denominator  of  (4)  may  be  resolved  by  partial  fractions 
into  the  following: 


(P    -    P\){P    -    P2)(P    -   P3)     •     •    •    '       P    -   Pi  P    -    P2 


'       +...-J^.     (5) 


P  -  Ps  P  -  P 

where 

A  =  1 , 

(Pl    -    P2)(Pl    -    P3)iPl    -    Pi)     •     '     '     (Pl    -    Pnd 

J^^ 1 , 

(P2   -   Pl){p2   -   Pi){p2   -   Pa)     '    '    '     (P2   -   P,n)' 

1 


M  = 


{Pm   —   Pl)(Pm   —   P2)(Pm   —   Ps)     '     '     '     (Pm   —   Pm-l) 


(6) 
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For  the  explanation  of  the  above  transformation,  see  any  algebra. 
The  following  notation  is  convenient: 

A  ^-      ^     -B-^      ^     -C-      ^ 

z(pO'      zip^y"^     Zip,)  •  •  • 

Introducing  these  in  (2),  we  get 

.^r,j 1  ,     L , 

j  (p   -   p,)Z{p,)   ^    (p   -   P2)Z(P2)    ^     '    '    ' 

'  '       (7) 


(P    -    P:.dZ{p,„) 

Now  write  each  of  the  factors in  the  form 

7'(  1  -    „ 


P\  V  ) 


,  and  expanding  in  a  series,  we  obtain 


= 

1  [ 

V 

1    + 

Vr 

nt    + 

Plf- 

2! 

+ 

3! 



1 

Pm' 

P    -    Pm  P    \  V  P"  P^  J 


+    -•     • 


P 

Operating  on  e^m'  by   1/p,   which  means  integration  to  /  from 
0  to  /,  we  get 


V 


1  r  1 

± =         e"m>dt  =         (e"".'  -  1) 

~  P'"        Jo  P'" 


T 


(8) 


Substituting  the  relation  given  by  (8)  for  the  factors  in  each  of 
the  terms  of  (7),  we  get  the  following: 

(  fPlt  ^P2t  f.l'„,l 

'  "  ^  1piZ(p,)  ^  p^Zipz)  +   •  •  •  +  p~Z{Pn,)  ~ 

^        -— ^-    -    .  .  .   '(9) 
p,Z{p^)       p,Z(p,)  i^"" 

Now  suppose  we  write, 

Zip)  =  (p.-p^)F(p) 
where  '         ^ 

F{p)    =     (p    -    P2)(P    -    P.l)(p    -    P4)     •     •     • 

By  differentiation,  we  obtain 


dZ(p)        ,  .  dF{p) 
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For 
Hence, 

Similarly, 


p  =  Pi]  p  -  pi  =  0;  and  F(p)  =  Z{pi). 


t-V^-^-w- 


dZ(p) 
dp 


h  =  P2h 


Z(P2), 


(10) 


and  so  on  for  all  other  values  of  p. 
Also,  for  p  =  0  by  (5)  and  (6), 


1 


1 


1 


1 


z(p),=o  "     PiZipO     p,z(p,)     p,z(p,)      '  '  '     ^^^^ 

Substituting  the  results  from  (10)  and  (11)  in  (9),  we  finally 
obtain 

^    =   TT^. h  E  {    :r,^^. h 


Z{p) 


p=0 


dZ(p) 
Vi  —^  P  =  Pi 


dp 


6^2' 


dZip) 

P2  -~-    P    =    P2 


+ 


dp 


(12) 


We  may  write  the  above  in  a  more  convenient  form, 


^  = 


Zip) 


ir.--2 


dZ(p) 

71  =  1  P"        Q  P    —    Pn 


(13) 


which  is  the  form  given  by  equation  (1). 

The  physical  interpretation  of  the  formula  is  this:  Given  any 
electrical  circuit  and  a  steady  electromotive  force  impressed  on 
it,  the  current  in  the  system  is  the  algebraic  sum  of  two  com- 
ponents, one  of  which  is  the  steady-current  component,  the 
first  term  of  the  formula  in  which  p  =  0;  that  is,  the  reactance 
terms  are  zero  and  only  the  resistances  are  effective;  and  the 
summation  term  represents  the  transient  current,  the  number  of 
terms  occurring  in  the  summation  term  depending  on  the  number 
of  degrees  of  freedom  of  the  system,  the  number  of  roots  of  the 
equation  Z{p)  =  0.  Also,  the  transient  terms  may  be  in  the 
form  to  show  simple  decaying  currents  or  decaying  oscillatory 
currents,  depending  on  the  character  of  the  circuit  system. 
Further,  the  summation  term  represents,  also,  the  subsidence 
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of  the  current  in  a  circuit  system  when  the  electromotive  force 
is  suddenly  removed. 

It  is  to  be  observed  that,  in  the  derivation  of  the  expansion- 
theorem  formula,  it  was  assumed  that  all  the  roots  of  the  equa- 
tion Z(p)  =  0  are  unequal.  For  the  case  where  some  of  the 
roots  are  equal,  the  problem  is  more  complex,  and  we  can  refer 
here  only  to  an  interesting  discussion  of  it  by  Goto.^  Formula 
(13),  however,  is  quite  sufficient  for  most  practical  cases. 

Extension  of  Expansion  Theorem  for  Alternating  Electromotive 
Forces. — Any  alternating  e.m.f.  may  be  resolved  into  sinusoidal 
components,  and  it  is,  therefore,  sufficient  to  consider  only  the 
case  of  asinusoidal  e.m.f.  Assume  the  e.m.f.  impressed  on  the 
circuit  system  to  be  represented  by  the  real  part  of  E'e''^',  and 
put  for  brevity  X  =  joj,  equation  (2)  assumes  the  form 

i=  7^  ,  e^'  (14) 

Resolving  Z(p)  by  partial  fractions,  as  in  the  preceding  case,  we 
get,  as  before, 

'  "  '^|(p^i)^(pi)  ^  (P  -  P2)ZM  +   •  •  •   + 


1 


Operating  by  l/p  on  e^'  gives 

I ..       r  .,  ..      1 


{p  -  Pm)Z{prn) 


(15) 


(e^'  - 1; 


P  Jo  ^ 

\  C  \  1  t 

Ae^'  =         '  (6^'  -  Ddt  =  Ue^'  -  1)  -   '• 
p-  J„  XX-  X 

Repeating  tlic  process  over  and  over,  we  get 

p-  X"'  X"'       X'"-'         X"'  -2!       X-'-'S!  ^ 

Now  expanding  the  term  -  -  —  a.s  previouslv  and  operating  on 

P  -  }h 

e^',  using  (16),  we  obtain 

':{'^':k^  ■■■) 

'Goto  Machinoki,  "Extension  of  the  Heavisidc  Expansion  Theorem,'' 
Rescarrhes  of  the  Elect roterhnical  Laboratory,  Tokyo,  Japan. 
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2        /  ^  /r.2  ^3 


'<l+^'+fl+?t+---)- 


^  i;(i  +  ?^  +  f! + rl+ 


X     '    X2    '    x^ 


But 


hence, 


1  +  P 1  +  P?  +  E?  +  .  .  -     1 


X    '    X2    '    X3    '  ""i  _  P 1 


p  -  Pi  ^       PiP\  X\  2! 


.   _PiP\  ^  J 

X 


3!   "^ 


■■)l 


Operating  now  on  the  bracket  term  by  1/p,  wo  finally  obtain 

1 e^t  =  ^ {,x<  _  ,;„n_  Q?) 

p  —  Pi  \  —  pi 

In  a  similar  way,  for  the  other  terms  of  (15), 
1  1 


p  —  P2       X  -  p2 
1  1 


fe 


X<     _      ,P2«] 


.X«    _    ,p„,<] 


P    —    Pm  X    —    p,„ 

Substituting  these  values,  equation  (15)  transforms  to 

7^=  R'^x'l  ^ I \ I 

"" '    ^  (X  -  Pi)Z(pO  ^  (X  -  p,)Z{p,)  ^ 

(X  -  pz)Z{pi)  ^  J 

j  fPlt  gP2< 

^  ^  (X^^^Zl^)  +  (X"=^^Z(P2)  "^  ^^^^ 

^ ....  1 

(X  -  p,)Z{p,)  '^  \ 
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The  first  bracket  term  is  ^^-r '   which  is  obvious  on  coiii- 

paring  with   (5)  and  (6).     In  the  second  bracket  term,  Z{p,,) 
may  be  replaced  by     „ 
reduces  to  the  following: 


may  be  replaced  by      -^   p  =  pn  by  equation  (10).     Hence,  (18) 


cPnt 


^-  r^  .  dZip)  (19) 

„  =  1     0^-Pn)-^-^~'P  =  Pn 


Replacing  X  by  jco,  wc  have,  finally, 

n  =m 


I  = 


„  =  1      (j^-Pu)         Q^      P    =    Pn 

This  we  may  consider  the  modified  expansion  formula  applicable 
for  alternating  voltage,  and  which  we  shall  refer  to  hereafter  as 
the  second  expansion  formula.  The  first  right-hand  term  of  (20) 
is  the  permanent-current  component,  and  the  summation  term 
the  transient  component.  It  is  clear,  of  course,  that  only  the 
real  parts  are  to  be  used  in  the  solution  of  anj^  problem  by  the 
application  of  this  formula.  In  the  summation  term,  however, 
the  imaginary  part  is  readily  eliminated.  We  may  write  (20) 
in  this  form: 

n  =  m 

~  zip)p=jo>  '^    2a  rz    '%dz{v)        '      (21) 

Thus,  the  steady-current  component  is  expressed  in  complex 
quantities  of  which  the  real  part  only  is  to  be  used  in  the  final 
solution,  and  the  sunmiation  term  giving  the  real  solution  for  the 
transient  components. 

If  the  applied  voltage  is  at  some  phase  angle  6,  that  is  E  cos 
{ui  +  d),  then  in  place  of  Zse"-',  we  have  /!,V^"''+*>  =  AW'-',  and 
in  the  final  formula,  E  is  to  be  multiplied  by  the  factor  e**,  which 
introduces  a  modification  in  (20)  as  follows: 

n  =  m 
i  =    ^     . Et^'^^ 


Z{p),=j^  ^.  .dZ(p)  (22) 

1     W^  Pn)        Q  P    -    /'.. 
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Taking  only  the  real  part  of  the  summation  term  gives 

EeJ(<->i  +  '»    ,    ^-sry  cos  (<pn  +  d)eP"' 


t  = 


Z(pW  ^^-^^^e^^^^^  (23) 

CO 

tan  (pn  =  —■ 

Vn 

We  shall  now  consider  a  number  of  problems  to  illustrate  the 
application  of  the  expansion  formula  to  the  solution  of  electric- 
circuit  problems.  We  shall  confine  the  discussion  in  this  chapter 
to  problems  relating  to  circuits  of  concentrated  inductance  and 
capacity.  Other  illustrations  of  the  application  of  the  expansion 
formulae  to  the  solution  of  more  difficult  problems,  those  relating 
to  circuits  of  distributed  electrical  constants,  are  given  in  the 
chapters  following. 

Circuit  of  Inductance  L  and  Resistance  R. — Assume  a  steady 
voltage  applied  to  an  inductive  circuit,  the  current  equation  is 

L%+Ri^E, 
and 

•  ^  (24) 


Ly  +  R 

The  determinantal  equation  for  this  case  is 
Z(p)  =  Lp  +  R  =  0 
a  one-degree  equation,  only  one  root,  p  =  —R/L] 

^^  =  L;  and,  for  p  =  0,  Z{p),^,  =  R. 

Substituting  these  values  in  (13)  gives  the  solution  of  the  problem, 

.       E        E     _^t 
'^-R-R-/  ^' 


(25) 


the  well-known  formula  for  the  current  rise  in  an  inductive 
circuit,  obtained  in  the  preceding  chapter  by  direct  operational 
process. 
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For  alternating  e.m.f.,  apply  the  second  expansion  formula 
(21),  which  gives 

I  = 


(f:-'> 


Ee^-^  ER         _«, 


(26) 


Taking  only  the  real  part  of  the  first  right-hand  term, 

E         \  -^  t\ 

i  =  --    .    zjT^  -X    R  cos  03t  +  Leo  sm  wt  —  Re   l 

E  {  -^  t] 

cos  (ojt  —  ip)  —  COS  <pe   L     .  (27) 


VR^  +  LW  [  ] 

,  L<j} 

tan  (^  =   ^  . 

The  first  term  in  the  above  equation  is  the  permanent  alternating- 
current  component,  and  the  second  term  the  transient  compo- 
nent.    For  t  =  0,  I  =  0  as  we  should  expect,  and  for  t  =  <x 

I   =   — -. —    cos  {(jjt   —   if), 

\/R^-\-LW 

only  the  permanent-current  component  active. 

Circuit  of  Capacity  C  and  Resistance  R. — The  voltage  across  a 
condenser  for  a  variable  current  in  the  circuit  is  V  =  l/Cjidt, 
and  the  circuit  equation,  therefore,  is 


(«  +  4)'-^' 


and 

E 

I  =  


Cp 

The  d(^terminantal  equation  is 

Zip)  =  /«•  +  .!=  0 

i  p 

which  gives  only  one  value  of  j). 

1^ 
RC 


R  +  ^  ^''^ 


V 


dp  Cp' 
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For  steady  voltage, 

Z(p)p=o  =  °o  because  ^  =  oo  for  p  =  0. 

The  steady-current  component  is  zero,  in  this  case,  as  we  should 
expect.  Substituting  the  values  of  p  and  dZ{p)/d'p  in  the  sum- 
mation term  of  (13),  we  obtain  the  following  expression  for  the 
current  in  the  circuit: 

^  =  "1 =  ^^   ^^  •  (29) 

the  well-known  expression  for  the  charging  current  of  a  condenser 
circuit. 

For  an  applied  alternating  voltage,  E'e""',  use  the  same  values 
of  p  and  dZ(p)/dp  in  formula  (21). 

t    =    7-    + 


^+(k  («4-^+"'y^ 


Taking  only  the  real  part  of  the  first  right-hand  term,  and 
rearranging  slightly  the  second  term,  gives  the  following: 

El  R  cos  o)/  —  7c-  sin  cat]  „  -  „V,< 

V                      Ceo             /    ,  Ee    ^^ 

'  =  -^ 1 +  — 

R"  +  r^^~5  RC 


which  may  be  wntten  in  this  form : 


i  =  —=£==_.  jcos  {wl  +  <!.)  +  |^'~K'l '         (30) 


K'  +  e. 


*""  ^  =  m\ 


the  complete  solution  for  the  current  in  a  condenser  circuit;  the 
first  term  the  permanent  current  component,  and  the  second  term 
the  transient  component. 

Circuit  of  Inductance  L,  Capacity  C,  and  Resistance  R. — 
For  a  circuit  of  inductance,  capacity,  and  resistance  in  series, 
applied  steady  voltage,  the  circuit  equation  is 


4 + «'• + 


^,  \idt  =  E, 
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E 


I  = 


Lp  +  R  + 


Cp 


(31) 


The  (Joterininantal  equation  is 


Z(p)  =Lp^R  +  ^,^  =  0, 


or 


LCp^  +  RCp  +  1=0, 
a  second-degree  equation,  the  roots  of  which  are: 


R    ,    .    n         7^2 


R 


R" 


P'=  -2l-Nlc-uj=  ---J^- 


We  also  have 


dZ{p)  ^j_     I 


(32) 


(33) 


dp  "        Cp- 

Introducing  the  values  of  px  and  pi  from  (32)  into  (33),  we  get 


dZ{p)        _  1 

dp'"''''       '"       CX-a+jW 


(34) 


dZ{p)        ^  J 1 

dp    "="'       ^        C{-a-jl3y 

For  p  =  0;  1/Cp  =  oc  and  Z(p)  =  oc,  the  steady-current  com- 
ponent is  zero,  as  is  to  be  expected. 

For  the  transient  current  we  have,  on  substituting  the  values 
of  p  and  dZ(p)  dp  from  (33)  and  (34)  into  (13),  the  expansion 
formula 


i  =  E( 


(-«+i/^)(/>-,-(_j+,^^0 


+ 


■.-J0t 


(-a-i/i)(/>-^_^J 


=  Ee-"^  { 


jot 


L(-a+j0)-^.^_^^j^^ 


,-ifit 


A(a+jW-^.(^^.^)| 
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By  a  simple  algebraic  transformation,  the  above  reduces  to 


E 


xt 


J  fit         ,  -jpt 


[2LJI3       2Ljfi]  . 
-  ^^~°'sin  ^t 

~      u 

a  damped  oscillatory  current,  the  damping  factor  is 

R 
"  =  2L' 

and  the  frequency  is  given  by 


(35) 


^        2t        2Tr\LC        W  ^^^^ 

If  we  neglect  the  resistance  term  in  the  expression  for  the  fre- 
quency, (35)  simplifies  to 

I  =  r-^  =  El^e--'smpt.  (37) 


L 


Vlc 


The  above  results  hold  also  for  the  case  R'/^L^  >  1/LC.  When, 
however,  1/LC  =  R'^/'iU',  the  critical  case,  the  two  roots  pi  and 
P2  are  equal  and  the  expansion  formula  in  the  form  given  is  no 
longer  applicable.  We  may  arrive,  however,  at  the  expression 
for  the  current  for  this  case  in  the  following  way:  When  pi  and 
P2  approach  equality,  /3  approaches  zero  value.  For  very  small 
difference  between  pi  and  p^,  &  is  very  small,  sin  ^t  =  ^t,  and  (35) 
reduces  to 

Ete-"' 
r  =      j^'  (38) 

independent  of  /3,  and  holds  also  for  the  limiting  value 

Pi  =  Vi',  /3  =  0. 

The  expression  for  /  for  the  critical  case  given  by  (38)  can  be 
arrived  at  in  another  way.  Put  the  circuit  equation  (31)  in 
this  form : 

ECv 


I  = 


ic(,'  +  fj,  +  ±) 
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and  for 

LC       4L2       " ' 

We  note,  however,  that 

p         _        d 

(p  +  ay  ^  ~d 

and 

V  1 

— ^^ —  =  —         =  €-"'  (see  equation  (12),  Chap.  I). 
p  -r  oc       1    I    " 

P 
Hence, 

p         _        f/ 


'(  "  Y 


=  U-"'.  (40) 


(p  +  a)-  da 

Introducing  this  value  in  (.S9),  wo  obtain 

.       Et      , 

which  is  the  same  as  (38). 

For  the  case  of  an  alternating  e.ni.f.  impressed  on  the  circuit, 
the  modified  expansion  formula  (20)  or  (21)  is  to  be  applied. 
It  is  somewhat  simpler  to  use  fornmla  (20)  in  this  case. 

The    values    of  p\,    pi,    and    — -  -  are,  of  course,  the  same, 

dp 

given  by  (32)  and  (34).     The  expressions  for  dZ(p)/dp  may  be  put 

in  a  simpler  form : 

dZ(p)_  ^ 1 ^  LCia-'  -  (3-  -  2jafi)  -  1 

dp     "'"'  ri-a  +  jl^r  ('i-a-^-j^Y' 


C(-a  -\-j0r 
2Lj0      _     2Lfi 
-a  -\-  jl3         li  -\-  ja 

Similarly, 

dZ(p) 
dp    '^'" 

2Lj0    _     2LI3 
«  +  j/3        13  -  ja 
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Introducing  these  values  in  (20),  we  obtain 

The  first  right-hand  term  in  the  above  expression  represents  the 
steady-state,  periodic  component;  and  the  other  two  terms,  the 
transient  component.  Combining  the  two  terms  of  the  transient 
component,  we  get 

^'  ~    2L/3 

j^co  +  i;3^  -  cog  +  ja')eJ^'  +  (j^to  -  j<3^  -j-  co«  -  ja^)e->^< 

52  +  a2   _   ^^2  _|_   2ja.a 

This  reduces  to 

.   ^Ee^  {j0o}  cos  ^t  -  {0"  +  a^+  jc^a)  sin  ,8^} 

^'         L^  /32  +  a2  -  0)2  +  2icoa  '^     ^ 

The  real  part  of  (42)  is 

.  _  Ee-"'  {2a^o:^  COS^t  -  [(«^  +  ^'f  +  co^(«'  -  /3^)]  sin /3^}^ 

*    ~    "  L^  (i82   -f-   a2    _    ^2)2  -_^   4^2y2 

which  may  be  put  in  the  simpler  form 

^e-««      (a2  +  ^^)  sin  (^<  -  ^)  ,.„. 

L^     V(/3'  -\-  a^  -  0^')'  +  4a2a,2 

tan  \p  = 


(a2   +   ^2)2   +   ^2(^2   _    ^2) 

Taking  the  real  part  of  the  first  right-hand  term  of  (41)  and  com- 
bining with  (43),  we  have  the  complete  expression  for  the 
current : 

E  cos  (c^t  -  <p)  _  _^  Ee--'     (a2  +  ^2)  sin  (^^  -jA)  ^   ^^^^ 


I  = 


n/(--£J 


^2         ^^     V(/3'  +  a='-o)=')2+4a'o 


For   o)  =  0,    the   steady-current   component   is   zero,    and   the 
transient  component  reduces  to 


the  same  as  (35). 


Ee-"^    . 
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We  have  so  far  considered  the  apphcation  of  the  expansion 
theorem  for  the  determination  of  the  current  in  a  circuit.  The 
method,  however,  is  not  at  all  hmited  to  that  particular  variable. 
We  could  have,  for  instance,  in  the  preceding  illustration, 
developed  the  solution  for  the  voltage  across  the  condenser,  by 
the  apphcation  of  the  expansion  theorem  to  the  expression  for  the 
voltage  across  the  condenser, 


]'  = 


E 


LCp^  +  RCp  +  1 


-vwvwv 

^0 


In  this  simple  case,  there  is  no  particular  advantage  in  develop- 
ing the  solution  for  the  voltage  in  preference  to  the  current. 
In  the  case,  however,  of  problems  relating  to  circuits  of 
distributed  electrical  constants,  it  is  sometimes  an  advantage  to 
apply  the  expansion  theorem  to  determine  the  voltage  instead 
of  the  current  at  some  point  in  the  circuit 
and  derive  the  solution  for  the  current  from 
the  voltage  by  the  circuital  relation  between 
them. 

Divided  Circuits. — A  circuit  comprising 
an  inductance  and  a  capacity  in  parallel, 
and  this  parallel  circuit  in  series  with  a 
resistance,  the  circuit  arrangement  is  shown 
in  Fig.  4. 

If  we  designate  the  impedance  of  tlie  inductance  branch  by 
Zi  and  the  capacity  branch  by  z»,  we  have  the  circuit  ecjuations 


Fiu.  4. 


Roio  +  ziii  =  E,^, 
Roio  +  Z2/2  =  E,  j 


(45) 


and  the  auxiliary'  relation 

io  =  h  +  io- 
From  these,  the  exi)n'ssi()ns  for  /,  and  /o  mic  readily  derived,  tiius; 


U  = 
ii  = 


Ezo 

Ro{Zl  +  22)  +2l22 

E^x 

RoiZi  +  22)   +  2l22 


(46) 
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Z{p)  =  ■ =  0, 
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Z2 


and  in  the  other  case, 


7(    )   =  ^0(^1  +  Zj)  +  ZiZ2  _   „ 


Zi 


(47) 


The  roots  of  the  determinantal  equation  are  the  same  in  both 
cases,  determined   from  the  equation 

Rq{zi  +  20)+  Z1Z2  =  0, 

Ro(l,p  +  2?i  +  .^~\  +  J^  (L^p  +  i?0  =  0, 
\  C2PJ       C2P       ' 

which  yields  the  following  values  of  p: 

p  =  -a  ±jl3 


where 


Ri    ,       1 


2L/1        2Ro(^2 


For 


Hence, 


\    R0L1C2  Y2Z;i  2i?o 


^  =  ^'   ''  =  c7p=^ 


c. 


(48) 


for  fi;     Z(p)p=Q  =Ro  -{-  Ri 
for  Z2;     Z{p)p=Q  =  00. 
We  have  also  for  ii, 

dZ{p)  ^  ^  ,  ^(^^  +  R,  +  -^-^  +  ^(Lip  +  /?i)  [  C2P 


dp  dp 


^'H^^^'-^^-  ^' 


(49) 


/I  Cap"       C2P^  j 

remembering  that  the  bracket  term  is  25ero  for  the  values  of  p 
which  are  the  roots  of  the  determinant  equation,  and  these  are 
the  values  of  p  to  be  used  in  the  expansion  formula.     For  12, 


ol 


Rd  Up  +  Rx  + 


:2P/    ^   C2 


dZip)    _    d     ]      \"^     '         '     '     C2P/     '     C2P 
dp 


~{Up  +  R,) 


dp\  L,p  +  R, 

RoLiCiP^  -  (Ro  +  Ri) 
C2PKUP  +  R{) 


(50) 
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Introducing  these  values  in  the  expansion  formula,  we  obtain  the 
following  expressions  for  the  currents  in  the  two  branches: 


ti  = 


l2   = 


E 


+ 


^£(-a±;^)< 


R^  +  Ri     RoLiCiP^  -  (Ro  +  Ri)' 


ECiPiLip  +  Ri) 


RoLrC^p'  -  {Ro  +  Ri) 


i/ fi-a  +  j0)t 


(51) 


Substituting  the  value  of  p  given  by  (48),  the  complete  solutions 
for  the  current  distributions  in  the  circuits  are  obtained. 
The  current  in  the  main  circuit  is 

i,  =  i,  +  i,  =  -  _^  .  +  ^  11  +Jli^J?^+_M^Pj.e(-«±y..   (52) 
'0       ^1  +  ^2       ji^j^R^^^  RnL.Cp'^  -  (Ro  +  /?,)     .  •  ^^""^ 

When  C  =  0,  that  is,  the  condenser  branch  open,  the  expression 
for  the  current  Iq  should  reduce  to  that  of  the  current  in  an  induc- 
tive circuit  whose  resistance  is  the  sum  of  the  resistances  Ro  and 
Ri.  This  it  actually  does,  as  is  seen  from  the  following  considera- 
tion :  For  C  very  small, 

1_  _^  R^_ 
ZRqk^z       2Z/1 


\L1C2       \2C2R0       2LxJ 
~  \L1C2      4.CIRI  ^  2UC,Ro  \ 


neglecting  ^.U 


Rl 
4L?. 


2C2R0 


2C2RI      RiCiR^ 


Li 


Li 


approximately 


and 


p=  -«_j^  = 


/?> 


oi.  2       2L 1 
Ro  +  Ri 


+ 


1 


/?, 


2/i'o('2      Li 


2Li 


Putting  C  =  0  in  equation  (52),  it  reduces  to 
E  E        _iio+Rx 


lo  = 


Ro  -\-  Ri      Ro  -\-  R\ 
the  expression  for  llie  current  in  an  inthuiive  circuit. 


(53) 


(54) 
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ForLi  =  00,  Ri  =   00,  the  inductive  branch  open, 
2Li       2C2-fto 


/3=      /J_-^J__M 
\L:C2       V2C2i?o       2Li/ 


/2i 


2CiR[ 
Ri 


1 


For 


and 


^ 1 

C2R0 


E 


2Li/   L11C2 
1  1 


=  0 


262^0       2Z/1 


(55) 


Ri  =  Li  =   CO  ;  p    =  0, 


^(1  +J.iC2p2  +  R1C2P)  _  EjUC^v''  +  fiiC2p) 

RoLiCiP^  -{Ro-\-Ri) 


RoLiC2p'  -  Ri 
Substituting  the  value  of  p  from  (55),  it  reduces  to 

\C2Rl      RJ  _  E 
Ro 


E 


L, 


C2R0 
Introducing  these  values  in  equation  (52),  we  have,  finally,  for 

the  condition  Li  =  R\  =  ^, 

^ i_ 

io  =  D  e    /?oC2,  (56) 

the  expression  for  the  charging  current  in  a  circuit  of  resistance 
and  capacity. 

Coupled  Inductive  Circuits. — Two  circuits  each  consisting  of  an 
inductance  and  a  resistance,  coupled  magnetically,  a  steady 
voltage  applied  to  one  circuit.     The  circuit  equations  are 

^WWWV 


Fig.  5. 
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(57) 


{L.p  +  Rojio  +  Mpii  =  0,  j 
from  which  the  expressions  for  ii  and  Z2  are  readily  obtained. 

E(L2P  +  R2) 


ii  = 


(L1L2   -    M')P'   +    (/?1^2   +   RzLOP    +   /?l/?2 

-EA/p 


(58) 


^'  (L1L2  -  M-)p2  +  (/?iL2  +  R2L,)p  +  /eii?2 
To  develop  the  solutions  for  the  currents  in  the  circuits  from  the 
above  expressions,  it  is  necessary,  of  course,  to  obtain  the  roots  of 
the  determinantal  equation, 

Z(p)  =  (L,L2  -  M-)p-  +  {RiU  +  R2L,)p  +  RdU  =  0. 

The  roots  are  readily  determined  as  follows : 


Pi\   _  -^RjL2  +  RjL,)  ±  VjRiU  -  R^Lxf  +  JRiRiM^ 
p^]    ~  '  2(L,L2-M2) 

This  may  be  put  in  a  more  convenient  form, 

pi  )     _   -  (ai  +  ^2)  ±  V(ai  -  otiY  +  ^aiaiK^ 


where 


P2 


a\ 


We  also  have 

dZ{p) 
dp 


2Lr  "'       2L 


1  -  K^ 

Ro 


(59) 


(60) 


K"-  = 


For 


and 


=  2p(L,L2  -  yP)  +  {RJ.2  +  /?2/-i) 
=  2L,L2i(l  -  K~)p  +  a,  +a2! 
=   ± 2L iL2\/(ai  -a^ -MA'^a^aj- 

p  =  0. 
Z{p)p^n  =  R\  for  the  primary  circuit, 


(61) 


T 


Z(p)p=o  =  0    for  the  secondary  circuit, 
which  is  obvious  from  equations  (58). 

Substituting;  these  values  in  the  expansion  foiinula  (13),  we 
obtain  the  following  expressions  for  the  cuncnls  in  th(>  two 
circuits: 

E  E 


^'  =  /e-.+ 


t2    = 


2LiL2\/(ai  -  azY  4-  ^aiazK^^ 


-EM 


/>2P.+    /?2  ^,,,    _ 
I  Pi 

(L2P2   +   R2) 

Vi 


2/>,/>o\/(a,  -  a^)-  +  4a,a2A'2 


=-7^M''i'  -  €'•2' 


(62) 
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The  values  of  pi  and  p2  are  given  by  (60). 

For  t  =  0  the  bracket  term  in  the  expression  for  d  reduces  to  the 

following : 

L2P1  +  R2  _  L2P2  +  R^  ^  Rijpi  —  pi) 
Pi  Pi  P1P2 

Introducing  the  values  of  pi  and  p2  from  (60)  gives  us 
L2P1  +  R2        L2P2  -\-  R2  _ 


P2 


-2R2V{oci  -  a2y  +  4aia2i^2 


n  _  j^2\  I  ("1  +  "2)^  -  (oci  -  a2y  -  ^aiajK^] 

(1  AJ  (1-^2)2  I 


pi 


(1  -  K^y 

^  2R2V{ai  -  a2f  +  4ai^2^^ 

4aiQ!2 

Substituting  this  in  the  first  equation  (62),  we  have,  for  <  =  0 

.      _     E 2R2E  ^     E^     _     ^      ^    Q 

Ri        8a\a2LiL2        Ri        Ri 
The  current  in  the  secondary  circuit  is  obviously  zero  for  t  =  0, 
the  bracket  term  reduces  to  zero. 

Coupled  Oscillatory  Circuits. — For  two  circuits  each  consisting 
of  an  inductance,  capacity,  and  resistance,  the  circuit  equations  are 


(l^p  +  7?i  +  ^^Ai,  +  Mpi2  =  E, 
U2P  +  R2  +  ^T^  k  +  Mpi,  =  0. 


(63) 


Fig.  6. 


Solving  for  z'l  and  22, 


i\  = 


?2    = 


e{l2P    +    /^2   +   ^j 


(hxp    +    /?1    +     7^Yl2P    +   /?2    +   J-^    -     i 


Cip 


CiP) 


.1/V 


-EMp 


(^■p + '^' + cy(^*  +'^' + cb)  -  ^''^" 


(64) 
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It  is  observed  that  in  the  above  expressions  for  either  ii  or  i^, 
the  determinantal  equation  is  a  fourth-degree  equation.  To 
develop  the  complete  solutions  from  the  above  expressions  by 
the  application  of  the  expansion  theorem  requires  the  determina- 
tion of  the  four  roots  of  a  fourth-degree  equation,  which  would 
introduce  considerable  mathematical  complexity.  This  problem 
is  considered  fully  in  Chap.  Ill,  Filter  Circuits,  where  questions 
relating  to  multiperiodic  circuit  systems  are  considered.  We 
shall  limit  the  discussion  here  to  circuits  of  negligible  resistance, 
in  which  case  the  determinantal  equation  is  reduced  to  a  biquad- 
ratic equation,  the  roots  of  which  are  readily  determined. 

For  R  =  0,  the  circuit  equations  (64)  reduce  to  the  following: 


ii  —  


^2    = 


CiC^iUU  -  M^)v'  +  (L2C2  -h  LiCi)p2  -1-1 
^ -EMC1C2P' 

CiC2(L,L2  -  M')p'  +  (LoC;  +  Li(\)}f-  +  l" 


Pi  =  JIS\;    P2  =  -i^i;l 
Pi  =  jtii]    Pi  =  -j^2,\ 

where 

+ L2C2)  -  y/jL^^uc^y  +  aW^^ 

2{LxU  -  M^)CxC2 


^     KLjC, 


ForLiCi  =  L^C-y  the  above  reduces  to 

1_ 

^'  ~  VLC(1  +  A')' 
J 


(05) 


For  either  circuit,  the  determinantal  equation  is 

Zip)  =  (L,L2  -  M'-)CiC2p'  +  (L,C2  +  LiO/y-  +  1=0.    (66) 
The  roots  of  this  equation  are  given  by 

J,   =  +     I- {UC+L^O  ±  VlL.C-L^C^y  +  4M'C;C2     (67) 
\  2(L,L2  -  yP)CiC2 

The  four  values  of  /;,  given  by  (67)  may  be  put  in  this  form: 


(68) 


(69) 


(70) 
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where 


■\/LiL2 

The  values  of  dZ{'p)/d'p  for  the  different  values  of  p  are  readily 
obtained  from  (66). 

^f^  =  2p{2(LiL2  -  M^)v''  +  (L2C2  +  LiCi)!'  ' 
op 

and  substituting  for  p-  the  value  given  by  (67),  it  simplifies  to 
dZiv) 


^        =  ±2pV{L,C\  -  UC\Y  +  41/2CiC2.  (71) 

For  p  =  0,  Z(p)  =  cc  obviously.  The  steady-current  com- 
ponent in  either  the  primary  or  the  secondary  circuit  is  zero, 
which  we  should  expect.  By  substituting  the  values  of  p  and 
dZ{'p)/dp  in  the  expansion  formula  (13),  we  obtain  the  complete 
solutions  for  the  currents  in  either  the  primary  or  secondary 
circuit.     Consider  the  secondary  circuit: 

t2  =  -E.¥CiC2^    +2p|  ViUCi  -  UC^Y  +  UPCci 
=  -EMC,C2  ^  ^       ^^^^ 

2\/(LiCi  -  UCiY  +  4M^C;C2^  -  ^''''" 
-EMCxC^ 


2\/UCx  -  UC2Y  +  ^M^CiC^  '' 

The  current  consists  of  two  components,  oscillatory  currents  of 
different  frequencies;  /i  =  /3i/27r  and  f^  =  ^iI2-k.  When  the 
circuits  are  syntonized,  that  is,  L\C\  =  L2C2,  the  above  reduces  to 

12  =  2  VcICzJiSi  sin  ^it  -  /32  sin  M'  (73) 

and  the  values  of  /3i  and  ^2  are  given  by  (70). 

Subsidence  of  Current  in  Circuits. — The  problems  we  have 
considered  thus  far  all  relate  to  this  question:  A  voltage,  steady 
or  alternating,  is  suddenly  applied  to  a  circuit  system;  what  is 
the  character  of  the  current  at  any  time  after  the  application  of 
the  voltage?     We  found  that,  in  every  case,  the  formula  for  the 
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current,  which  is,  indeed,  the  expansion  formula,  consists  of  two 
parts,  one  of  which  is  the  permanent-current  component,  and 
the  other  the  transient-current  component.  In  some  cases,  the 
permanent  current  component  is  zero,  as  in  the  case  of  apphed 
steady  voltage  to  a  condenser  circuit.  The  transient  current  is 
expressed  by  the  summation  term  in  the  expansion  formula,  the 
number  of  terms  occurring  in  the  summation  depending  on  the 
character  of  the  circuit  system. 

The  expansion  theorem,  however,  is  not  limited  in  its  applica- 
tion to  the  determination  of  the  transient-current  rise  in  a 
circuit  after  the  closing  of  the  switch  or  the  apphcation  of  the 
voltage;  it  also  gives  correctly,  except  for  a  reversal  of  sign,  the 
subsidence  of  the  current  in  a  circuit  system  when  the  voltage 
source  is  suddenly  short-circuited.  This  can  be  demonstrated 
in  this  way:  Suppose  the  circuit  was  closed  for  a  sufficiently 
long  time  to  insure  the  establishment  of  the  steady-state  condi- 
tion, the  transient  component  completely  wiped  out,  which,  in 
most  practical  cases,  obtains  within  a  short  time  after  the 
closing  of  the  switch;  the  current  in  the  circuit  is  then  expressed 
by  the  first  term  of  the  expansion  formula,  thus: 

•  =  -^? 

~  Z(p)p=o 
or 

E ^ 

depending  on  whether  the  voltage  is  steady  or  alternating.  Now 
suppose  that,  instead  of  short-circuiting  the  voltage  source,  we 
introduce  in  the  circuit  another  voltage  of  exactly  the  same 
character  and  magnitude  but  of  opposite  sign;  the  effect  is  the 
same  as  if  the  original  voltage  were  removed  or  short-circuited. 
We  have  then,  in  this  case,  two  similar  voltages  of  opposite  sign 
acting  simultaneously  on  the  circuit.  The  original  voltage  pro- 
ducing a  current  in  the  circuit 

•  =       ^— , 

~  Z(p)p_o 

and  the  suddenly  applied  additional  voltage  producing  a  current 
in  the  circuit  in  accordance  with  tlu>  expansion  formula 

.  _   _      E ir%?_  '"'^ 

'  -       Z(p)p=o  2^dZ{py  (74) 

'     dp 
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The  resultant  current  in  the  circuit  is  the  sum  of  the  two 
currents,  that  is, 

*  =  ~-^2^lw'  (75) 

which  is  the  formula  for  the  subsidence  of  the  current  in  a  circuit 
on  short-circuiting  the  voltage.  The  summation  term,  therefore, 
of  the  expansion  formula  gives  also  the  current  subsidence  in  a 
circuit  on  short-circuiting  the  voltage. 


CHAPTER  III 

ELECTRIC  FILTER  CIRCUITS 

The  term  electa c  filter  is  used  to  designate  a  circuit  system 
consisting  of  a  number  of  recurrent  sections  connected  in  tandem, 
each  section  comprising  inductance  and  capacity  in  various  com- 
binations depending  upon  the  requirements  for  which  the  system 
is  designed.  Actually,  a  circuit  system  of  this  kind  is  nothing 
more,  of  course,  than  a  circuit  combination  comprising  several 
circuits  coupled  electrically  and  is  characterized  by  a  multiplicity 
of  degrees  of  freedom  depending  on  the  number  of  sections  or 
individual  circuits  in  the  system.  That  is,  the  number  of  free 
vibrations  of  the  circuit  system  is  determined  by  the  number  of 
individual  circuits.  Obviously,  the  system  will  respond  reson- 
antly to  the  frequencies  corresponding  to  the  frequencies  of  the 
free  vibrations  of  the  system.  It  permits  to  pass  freely  several 
frequencies  within  a  predetermined  range  governed  by  the 
I--VWW— I — ^AM/V— I — ^AAA/V-| — ^AAAAr-T— ^W\AA/— I — ^M^V-^ 
2 


-^' 


FiQ.  7. 

number  of  sections  and  the  choice  of  the  electrical  constants  of 
each  section.  A  better  term  to  designate  a  circuit  system  of  this 
kind  would  have  been  multiple  'periodic  circuit  system.  Since, 
however,  it  is  now  widely  known  under  the  designation  filter 
circuit,  the  term  is  retained  here. 

Consider  a  circuit  system  diagrammatically  sliown  in  I'ig. 
7.  The  series  impedances  are  designated  by  Z\,  and  the  shunt 
impedances  by  Za- 

Either  Z\  or  Zi  nuiy  be  any  combination  of  inductance  and 
capacity.  An  e.m.f.  is  applied  to  the  first  section  through  an 
impedance  Zi/2,  and  the  last  section  is  closed  through  a  series 
impedance  Zi/2.  The  mathematical  analysis  is  nuich  simplified 
l)y   this   clioice   of   tcnniiiatioiis.      We   shall    also   designate   the 

■AS 
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currents  in  the  series  elements  by  subscripts  corresponding  to 
the  number  of  the  section.  For  any  section,  say  the  5th,  except 
the  first  and  last  sections,  the  voltage  drop  in  the  circuits  in 
accordance  with  Kirchoff's  law  is  given  by  the  following  equation: 

Ziiq  +  z^iia  —  ^'9+1)  -  2!2(^g-l  -  iq)  =  0,  ) 
or  (1) 

(Zl    +    2Z2)iq     —    Ziiig+l    +    2g_l)     =     0.  J 

We  assume  a  solution  of  the  form 

i^  =  Ae^y  +  Be-'iy,  (2) 

where  A  and  B  are  independent  of  q.  On  substitution  and  after 
a  simple  rearrangement,  we  get 

(2  +  -  -  e^  -  e--y){Ae^y  +  Be-iy)  =  0.  (3) 

Z2 

Clearly,  (2)  is  a  solution  of  (1),  provided  the  value  of  7  is  chosen 

to  satisfy  the  relation 

eT  -f  e-7  =  2  +  -S 

or 

cosh  7  =  1+--^.  (4) 

^  Zi 

The  constants  A  and  B  are  determined  from  the  terminal  con- 
ditions, that  is,  the  circuit  equations  of  the  first  and  last  sections. 
For  the  first,  that  is,  the  zero  section,  we  have 

■~Zo  +  22(io  -  ii)  =  E,  (5) 

and  for  the  last,  the  ?ith  section, 

-^in    —    Z2{in-\    —    in)    =0.  (6) 

Using  the  values  of  i  given  by  (2),  we  obtain  the  following  two 
equations  from  which  the  constants  A  and  B  are  determined : 


(2  +  22  -  226-)a  +  (^1  +  z,-  z,e-y^B  =  E, 
(2  +  ^2  -  z^e-yjA^'y  +  r^  -\-z2-  z2eyJBe--y  = 


0. 


(7) 


Replacing  ,-  +  z^  by  ^{ey  +  e-y),  the  relation  given  by  (4),  and 

rearranging,  we  obtain  the  following: 

-2E 


A  -  B  = 


Z2{o  -e-y)  \  (8) 

4c»->'  -i-  ^€-"■1'  =  0.  J 
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FroHi  these,  we  obtain 
A  = 


2Ei-"y 


Ziit 


B  = 


—   €-T)(€"'''    —    €" 

2E€"y 


Zi{0  -  e-T)(e"T  -  c-"T) 


(9) 


Substituting  these  values  in   (2),  we  finally  get  the  complete 
expression  for  the  current  in  any  section,  as  follows: 


or 


2£'j  €("-«>■>'  +  e-(»-9)>} 
E  cosh  {n  —  q)y 


''       z-i  sinh  7  sinh  ny 
For  the  last,  the  nW\  section,  q  =  n, 


In    = 


E 


(10) 


(11) 


(12) 


z-y  sinh  7  sinh  ny 

The  complete  solution  can  be  readily  developed  from  (11)  and 
(12)  by  the  application  of  the  expansion  theorem.  In  practical 
work,  the  main  concern  is  the  output  current,  the  current  in  the 
last  section  given  by  (12).  The  solution  and  result  will  depend 
on  the  particular  combination  of  inductance  and  capacity  in  the 
series  and  shunt  elements  Zi  and  Z2.  We  shall  consider  several 
typical  arrangements  for  steady  and  alternating  voltages. 

Series  Element  Zi  =  Lp  +  R  and  Shunt  Element  Zo  =  1  Cp 
Steady  Voltage  E. — The  determinantal  equation  is 

Z(p)  =  Zo_  sinh  7  sinh  ny  =  0,  (13) 


Fk;.   S. 


which  gives 


ny  =  jsw;  s  =  0,  1,  2,  3, 


y  =  J 


", 


(14) 


The  zero  value  of  .s  is  to  be  disregarded,  for  the  reason  that  this 
would  not  satisfy  the  n>lation  given  by  (4),  leading  to  the  result 
21/22  =  0,  an  impossible  condition.     Also,  all  values  of  s  greater 
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than  n  will  give  only  repetitions  of  preceding  values.  Hence, 
values  of  s  from  1  to  n  are  to  be  used  only.  The  values  of  p 
corresponding  to  the  roots  of  the  determinantal  equation  (14) 
can  be  determined  from  the  relation  given  by  (4).  In  some 
cases,  Z2,  which  is  a  factor  in  the  determinantal  equation,  may  be 
a  combination  of  inductance  and  capacity  to  yield  additional 
roots  which  should  be  taken  into  consideration  in  the  complete 
solution.     We  shall  have  occasion  to  discuss  this  farther  on. 

For  the  case  under  consideration,  Zi  =  Lp  -\-  R  and  Z2  =  l/Cp, 
we  have,  by  (4), 

cosh  7    =  cos  —  =  1  +  ^Cp{Lp  +  R),  (15) 

which,  on  solving  for  p,  gives 

V.  ^  -a  +i/3,,  (16)- 

«  =  ^;^^  =  J4^-cos-V5  (17) 


2L'^^-V^(l  -«°«n) 


also 


=  22  smh  7  cosh  ny  ♦  "^  (18) 


dp  dp 

By  (15),  we  have 


and 


smb^-  =  LLp  +  -tt' 
dp  2 


dp  sinh  7 

Introducing  the  value  of  dy/dp  from  (19)  into  (18)  gives 
dZ{p) 


(19) 


dp 


nZiiljCp  +  —  )  cos  (.stt) 


=  ulU  +  ~)  cos  (stt),  (2G0 


for  p  =  0;  Z(p)  as  given  by  (13)  is  indeterminate  for  sinh  y 
and  sinh  ny  are  separately  equal  to  zero,  and  Z2  is  infinity.     We 
can  arrive,  however,  at  the  value  of  Z{p)p=o  =  0  by  taking  its 
value  as  p  approaches  zero. 
For  small  values  of  p, 

cosh  7  =  1  +  ^'  =  1  +  ^(Lp  +  R), 
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and 

7-  =  CpiLp  +  R). 

z,  sinh  7  sinh  ny  =  ^^'  =  "^^^A^- ±^  =  nR  for  p  =  0.    (21) 
t  p  Cp 

Introducing  the  values  of  p«,  dZ{p)/dp,  and  Z(p)p=o  from  (16), 
(20),  and  (21)  in  the  expansion  formula  (13),  Chap.  II,  we 
arrive  at  the  solution  for  the  current  in  the  nth  section  as  follows: 


-  =  -nR  +  ^2 


ii-a  ±  mIi  +  _^^  -g  jnL  cos  (stt) 

s  =  n 

=  ^^ -I- fl! ^ (22) 

nR         nL    ^^  ±j0s  cos  (stt) 

s  =  l 

Taking  proper  account  of  the  double-sign  terms,  including  both 
terms  under  each  double  sign,  the  above  reduces  to 

'"       nR'^     nL     ^/3,  cos  (stt)'  ^     ' 

«  =  i 

The  value  of  /3,  given  by  (17)  is 

If   we   neglect  a-  compared  with   ry;(  1  —  cos  — J,  the  above 
reduces  to 

/TT,             ^       ^  ''"'  2n 
/3»  =  A  /  7  ^.1  1  —  COS       )  =  =^' 

and  introducing  this  in  (23),  we  get  the  following: 
E     .Ee-"^    jc^^y  sin  fi,t 


(24) 


■   Ee--'   jc^ sin_^ 

^  sin  ,^    cos  vc 

In 

=  1      ^^~"'  /(:xi(-i)'sin^.f 

nR^      n    \L-2j 


STT 

sm  ^ 

2n 


(25) 
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The  first  right-hand  term  is  the  steady-current  component 
given  by  the  impressed  voltage  divided  by  the  total  resistance 
of  all  the  series  elements.  The  summation  term  gives  the  transi- 
ent current  consisting  of  several  components,  the  number 
determined  by  the  number  of  sections  or  meshes  in  the  circuit 
system;  each  component  an  independent  damped  oscillatory 
current,  all  having  the  same  damping  but  of  different  frequencies, 
which  are  given  by 

.        ST 

f  =li  =  ^'""^  (26) 

The  highest  frequency  of  the  oscillations  is  when  s  =  n 

1 


Jti 


Wlc 


the  upper  limit  of  the  frequency  range  is  independent  of  the 
number  of  sections  used.  The  lower  frequency  limit  is  decreased 
as  the  number  of  sections  used  is  increased.  When  the  number 
of  sections  is  very  large,  the  lower  frequency  limit  approaches 
zero  value.  This  type  of  circuit  is  commonly  called  low  pass 
filter.  Actually,  it  is  nothing  more  than  a  circuit  system  capable 
of  responding  resonantly  to  a  number  of  frequencies  whose  upper 

Hmit  is  7='  and  the  lower  limit  may  be  made  as  small  as 

Wlc 

desired  by  increasing  the  number  of  sections  and  suitably  select- 
ing the  values  of  the  inductance  and  capacity  in  the  sections. 
The  separation  between  adjacent  frequencies  is  obviously  less 
and  less  as  the  number  of  sections  is  increased.  For  very  many 
sections,  the  system  will  be  resonantly  responsive  to  many 
frequencies  and  thus  approach  the  condition  of  what  is  generally 
designated  as  band  tuning.  Theoretically,  the  condition  of 
so-called  band  tuning  is  realized  only  when  the  number  of  sections 
is  infinitely  great;  but  practically,  the  condition  is  approximated 
with  a  reasonably  large  number  of  sections. 

Alternating  E.m.f.— For  applied  alternating  voltage,  of  sine 
wave  form  of  frequency/  =  a)/27r,  the  modified  expansion  formula 
(20)  of  Chap.  II  is  to  be  applied, 

dp 
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the  first  right-hand  term  giving  the  permanent-current,  and  the 
summation  term  the  transient-current  components. 

Consider  first  the  summation  term.  The  values  of  p  and 
dZ{p)/dp  have  already  been  obtained  (equations  (16)  and  (20)); 
hence, 

2peP'     ^ 

^{(-a  ±  M'  +  o^'Ulfl  +    _^_^  .^  \  cos  (stt) 
(-a  +  i/3.)'e±^'^' 


■2- 


±i^.nL{(-a  ±  jj8,)2  -|-  ^,2}  cos  (stt) 

Taking  both  terms  under  each  double  sign,  we  have 

^^^_pc^  ^    -a^'Sy'    (-«  +i/3,)(cos  /3,<  -f  i  sin  i8,<) 

^fr.2  _L    2^^^(P)       '      ^>.nLf  (-a  +  i/3,)-  +  co^l  cos  (stt) 

(-a  -  i/3,)2(cos  /3,<  -  j  sin  |S.O 


j0,nL{{-  a-  j^,)-  -\-  u)-}  cos  (stt) 
By  simple  algebraic  transformation,  it  reduces  to  the  following: 


pe 


pt 


(28) 


-a^X"^^  ^"'  +-^'^'  +  "^^"^  ~  ^'^^  ^^"  ^'^  j^4a/3,a)COS/?^< 
'        ^     nL^.{(a2  -f  ^2)2  +  2a,2(^2  _^2)  _^  ^4j    COS   (S7r~)     ■ 

For  a  =  0,  it  reduces  to 

^  pe"'      _   ^  g^  ^«  sin  0,t 

Zi,  ^    ,    \,dZ\p)  ZnUlSl  -  u>')  cos  (stt)'       (29) 

{p   +  a,-)    ^^^ 

Comparing  (28)  and  (29)  with  (25),  it  is  seen  that  the  oscillation 
frequencies  of  the  transient  current  are  the  same  in  both  cases, 
in(l('pen(l(>nt  of  the  character  of  tlu^  applied  voltage.  The  ampli- 
tudes of  the  oscillations,  however,  arc  modified  by  and  depend 
upon  the  frequency  of  the  applied  voltage.  If  the  frequency  of 
the  applied  voltage  is  the  same  as  one  of  the  fretjuencies  of  the 
free  oscillations  of  the  system;  that  is,  w  is  equal  to  one  of  the 
values  of  /i,  the  amplitude  of  the  transient  component  of  this 
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frequency  will  be  infinite  when  the  resistance  is  of  zero  value, 
which  is  evident  from  (29).  This  is  what  we  should  expect,  the 
system  responding  resonantly  to  this  frequency. 

It  remains  yet  to  investigate  the  steady-state   component- 


%  = 


22  sinh  7  sinh  nyp=j^ 
We  have  the  expression  for  cosh  y 

Cp(Lp-{-R) 


(30) 


cosh  7  =  1  + 
=  1  + 


2 

CMLjc^  +  R) 


From  this  it  should  be  possible  to  express  the  denominator  of  (30) 
in  terms  of  co.  It  is  clear,  however,  that  for  n  circuits,  this  would 
lead  to  an  expression  in  w  of  the  nth.  degree,  a  complicated  expres- 
sion which  would  not  throw  any  light  on  the  problem.  Of  more 
interest  is  to  consider  for  which  values  of  co  the  system  would  be  in 
resonance.  The  preceding  discussion  relating  to  the  transient 
components  would  lead  us  to  expect  a  resonance  effect  at  the 
frequencies  of  the  free  oscillations  of  the  system.  This  is  actually 
the  case,  and  it  can  be  shown  in  this  way.  If  we  neglect  the 
resistance,  the  denominator  in  (30)  must  have  zero  value  for  the 
resonance  frequencies;  we  shall  determine  these  frequencies  and 
show  that  they  are  precisely  the  frequencies  of  the  free  oscillations 
of  the  system. 

By   a   well-known   trigonometrical   transformation,    we   may 
express  the  sine  functions  in  a  product  series,  thus: 


T-    •      /,      sm-x\/,       sm*-a:\/^       sm- t  \  /qi\ 

sm  nx  =  K  smx/  1 W  1 ^^  W  1 ^^  i  •  •  •    ^"^^^ 


n  is  an  odd  integer 
Put 

x:  =  jy,  sin  nx  =  sin  jny  =  j  sinh  ny, 

sin  X  =  sin  jy  =  j  sinh  y, 
and  (31)  transforms  to 

sinh  ny  =  K  sinh  7/1  +  ?i^^!^Yl  +  ?^A  •  •  •    (32) 
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By  (15),  putting  p  =  oj,  and  neglecting  resistances, 

A2 

sinh^  7  =  cosh-  7  —  1  = 


i  +  "^"T-i  =  z^cc.^f^'  +  i 


(T+O' 


2  /  \  4 

Substituting  in  the  first  factor  of  the  power  series  (32),  we  obtain 


1  + 


sinh-  7 


sin' 


L^C\> 


+  LCc 


sin' 


sin^  - 


The  value  of  w  for  which  this  is  zero  is  readily  obtained  by  solving 
the  above  quadratic  equation,  which  gives 


-1  +  .J1- 


sin^  -' 


LC 


and 


jw  = 


2      -  1  +  cos 
LC 


2  sin  - 
2W 

Vlc' 


(33) 


In  a  similar  way,   the  other  factors  of  the   power  series  give 


2  sin  ,- 


JW2    = 


JtJa  = 


(34) 


Vlc  ' 

,     .     Sir 

i  sin  ^  - 

'Vlc' 

These  are  precisely  the  same  as  the  values  of  t^.,,  equation  (26), 
which  establishes  the  fact  that  the  frequencies  for  which  the 
system  is  in  resonance  are  the  frequencies  of  the  free  oscillations 
of  the  system,  as  we  should  expect.  This  is  but  another  way  of 
arriving  at  the  same  result,  determining  the  frequencies  of  the 
free  vibrations  of  the  circuit  system. 

Series-elements  Capacities;  Shunt-elements  Inductances. — 
A  circuit  system  of  several  recurrent  sections  in  wiiich  the  series 
elements  ai'e  capacities,  and  the  shunt  elements  are  inductances^ 
is  commonly  designated  high  pass  filter.  A  system  of  this  kind 
responds  resonantly  to  fre(iuencies  above  a  fixed  lower  limit. 
determin(>d  by  the  choice  of  vahics  of  th(>  inductances  and  capac- 
ities in  each  section,  the  upper  friHiucncy  limit  depending  on  the 
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t-r-l 


E 


Fig.  9. 

number  of  sections  used.     For  this  case, 

1 

^'  -  Cp'  (35) 

Z2  =  Lp  -{-  R. 

Equation  (12),  the  expression  for  the  current  in  the  nth  section^ 
is  perfectly  general,  applicable  for  all  cases,  irrespective  of  the 
choice  of  inductance-capacity  combination  in  either  2i  or  Zi, 
In  developing,  however,  the  full  solution  from  (12)  by  the  applica- 
tion of  the  expansion  theorem,  cognizance  must  be  taken  of  the 
changed  conditions.     We  have,  then,  for  this  case  also, 

E 


1       ^^    ; — ' — ; ' 

Z2  sinh  sinh  ny 

the  determinantal  equation  as  before, 

Z{p)  =  22  sinh  7  sinh  ny  =  0, 
and 

ny  =  jstt;  s  =  1,  2,  3,   •   •   •  ■; 

7S7r 


(12  bis) 
(13  bis) 

(14  bis) 


The  frequencies  corresponding  to  the  roots  of  the  determinantal 
equation  are  obtained  from  (4), 


cosh  7  =  1+  -—' 
which  for  this  circuit  system  gives 

cosh  7  =  cos  (    -  )  =  1  + 


1 


2Cp{L'p  +  R) 


(4  bis) 


(30) 


The  values  of  p  which  satisfy  the  above  equation  are  readily 

obtained,  as  follows: 

Ps  =  -a  ±  j^s, 
where 


"  =  2L'  ^'  = 


1 


2LC 


('- 


S7r\ 

cos  —  ) 

n  / 


4L2* 


(37) 
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We  have,  also, 

^  =  .0  sinh  7  cosh  ^7^^-  (38) 

dp  op 

By  (4), 

dy 2Lp  +  R 

and 


(-;) 


..  sinh  7^^  =  -2CpWv  +  R)  ^ ' ^'       ^'"^^^ 


r-)7 {2Lp  +  K)__ 

Introducing  this  in  (38)  gives 


<-;) 


}       = 7 X'x  cos  (stt) 

+  njfig  cos  (stt) 


C(a±i/3.)(-a±i^.)= 


(40) 


For  p  =  0  in  this  case,  Zo  sinh  7  sinh  «7  =  oc .  The  steady- 
current  component  is,  therefore,  zero,  as  we  shouUi  expect, 
because  the  scries  elements  are  condensers. 

Substituting  the  values  of  p«  and  dZ{p)/dp  from  (37)  and  (40) 
in  the  expansion  formula,  we  obtain  the  developed  expression 
for  the  current  in  the  rith  section, 

.iiL4    ±  njlis  cos  (stt) 
Taking  l)()tli  terms  under  each  double  sign,  the  abov(>  reduces  to 

i      -       o;.,-..^^(«''-^^)-^i"^-^  (42) 

^       n/3.  cos  (stt) 

s  =  l 

For  a  =  0,  it  reduces  to 

^J"  cos  (.sjr) 
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If  we  neglect  the  effect  of  the  resistance  in  the  expression  for  /3g 
in  (37),  it  reduces  to 

1 


2LC(\  - 
1 


COS  — 

n  , 


2  sm  2^  JLC 


(44) 


and  introducing  this  in  (43)  gives 


In 


E 


C  sin  ^st 

L       •     Sir 
n  sin— 

.71 


-iV 


(45) 


Comparing  (25)  and  (45),  it  is  seen  that  the  transient  currents 
in  the  two  cases,  loiv  pass  filter  and  high  pass  filter,  are  of  exactly 
the  same  character,  expressed  by  equations  of  the  same  identical 
form;  the  only  difference  is  in  the  frequency  characteristics  of 
the  two  circuit  systems.     In  this  case,  by  (44), 


/.  - 


27r 


1 


.      Sir      , — . 

47r  sm  ^WlC 


2n 


For  s  =  n, 


For  s  =  1 


/n    = 


1 


i(Wlc 


/l  = 


4- sin  2-yLC 


(46) 


The  frequency  range  is  between  these  limits,  the  lowest  fre- 
quency is  T y=  and  the  upper  frequency  limit  is 

1 
47r  sin  ^^VLC 

depending,  therefore,  on  n;  as  n  is  increased,  the  upper 
frequency  limit  is  raised,  which  may  be  made  to  approach 
infinity  by  making  n,  the  number  of  sections,  infinitely  large. 
In  any  case,  a  circuit  system  of  this  kind  is  necessarily  responsive 
resonantly  to  a  number  of  frequencies  confined  within  the  range 
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between  /i  and  /„  given  by  (46),  and  by  making  /;  sufficiently 
large,  an  approximation  to  a  uniform  response  to  all  frequencies 
within  that  range  is  obtained;  and  the  condition  for  so-called 
hand  tuning  for  all  frequencies  above  a  certain  lower  frequency 
limit  is  approximately  realized. 

The  investigation  was  limited,  in  this  case,  to  steady  voltage 
which  is  believed  to  be  quite  sufficient  to  explain  the  behavior 
and  characteristics  of  the  system.  The  derivation  of  the  expres- 
sion for  applied  alternating  voltage  is  readily  obtained  by  the 
second  expansion  formula,  following  the  method  used  in  connec- 
tion with  the  preceding  case,  the  low  pass  filter. 

We  have  so  far  considered  the  simplest  cases,  those  of  a  single 
reactance  element,  inductance,  or  capacity  in  either  the  series  or 
shunt  branches  of  the  circuit  system.  It  is  quite  obvious,  how- 
ever, that  a  large  variety  of  series  shunt  combinations  of  induc- 
tance and  capacity,  in  either  the  series  or  shunt  branches,  is 
possible,  each  combination  affording  a  distinct  circuit  system  of 
definite  characteristics  of  its  own,  particularly  in  the  matter  of 
the  frequencies  of  the  free  vibration  periods  of  the  circuit  system. 
It  is  not  within  the  scope  of  this  book  to  consider  fully  the  theory 
of  filter  circuits;  the  discussion  is  given  here  more  for  the  purpose 
of  illustrating  the  application  of  the  expansion  theorem  to  the 
solution  of  problems  in  electric-circuit  theory.  We  shall,  how- 
ever, discuss  briefly  a  few  typical  cases,  confining  the  discussion 
to  the  determination  of  the  frequencies  of  the  free  vibration 
periods,  the  governing  characteristic  in  differentiating  one  circuit 
system  from  another.  The  complete  solution  in  any  particular 
case  can  be  readily  derived  by  the  application  of  the  expansion 
theorem  in  a  manner  outlined  in  connection  with  the  derivatif)n 
of  the  developed  solution  in  the  preceding  cases. 

Series-elements  Inductances,  Shunt-elements  Inductances, 
and  Capacities  in  Parallel. — Disregarding  resistances,  we  huxv, 
for  this  case, 

Z\  =  Lij),  I 

.,  =    -A^T-  .  (47) 

^'        l  +  LaCap'^    I 

The  frequencies  of  the  free  vibrations  of  fho  system  are  det(>r- 
mined,  as  in  the  previous  cases,  from  the  conditions: 

sinh  /(7  =  0; 

ny  =  jsTT]  s  =  1,  2,  3,  •  •  •  n, 
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and 

.  .STT 

'       ''  n 
cosh  7=1+0—' 
which  give  for  this  arrangement 

cos  ("^  =  1+  2  Li  ^^  +  J^^C^V')'  (48) 

From  this,  the  values  of  p  are  readily  determined, 

/ 1  12L2/    Vtt    r\  . 


1      1 4L2    .    „  Sir 


=  WLkT7^'"'i  +  T  (*«' 


This  determines  the  frequencies  of  the  system, 


The  extreme  frequencies  at  either  end  are  given  by 


^^  =  ^^.^'  +  t  ^^'  h  ^''^ 

f  ^ L_  L  ,  4L2 

When  n  is  very  large,  many  sections,  sin  2ir/2n  approaches  zero 
value,  and  /i  approaches  the  value  l/27r\/L2C2.  All  the  fre- 
quencies are  then  confined  within  the  limits  l/2ir'vL2C2  and 

- — 7Y^=^\h-  +  4y-^-  Obviously,  by  making  L2/L1  small,  the 
Zir'v  L2C2\  Li 

frequency   range   is   made  small,    and   thus   a   condition   of  a 

circuit  system  capable  of  responding  resonantly  to  a  number  of 

frequencies,  all  confined  within  a  narrow  range,  is  obtained,  and 

the  condition  of  so  called  hand  tuning  for  a  narrow  band  of 

frequencies  is  thus  approximately  realized. 

Series-elements  Capacities,  Shunt-elements  Inductances,  and 

Capacities  in  Parallel. — For  this  case, 
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Fig.   10. 


1 


U 


Cip  1  +  Litip^ 

The  frequencies  are  determined  as  before  from  the  relation 

Izi 


Sir 
COS         =    1  +  ^ 


=  1  + 


which  gives 


2UCiV^    ' 
1 


V^  = 


^L.|2C,(cos--l)-C, 


1 


ij«,(i+^,Si,.;:) 


and  the  frequencies  of  the  system  are 

1 


/.  = 


2.^UCJ\  4-  ^f,^^  sin^  2*l) 


The  extreme  frequencies  at  eilh(>r  end  are  given  by 

1 


/.  = 


2.^L.C.(l+^sin^|^^) 


/n    = 


2.^L.C.(l  +  ^^j) 


(53) 


(54) 


(55) 


(5G) 


When  n  is  very  huge,  many  sections,  sin  S7r/2/i  approaches  zero 
vahie,   and  /i   approaches   the  vahi(>    \!2it\^LoC2.     By   making 
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C1/C2  small,  the  difference  between  the  extreme  frequencies  may- 
be made  as  small  as  desired,  and  thus  confine  the  frequencies  of 
free  vibrations  of  the  system  within  a  narrow  range.  This 
arrangement  therefore  offers  another  suitable  method  for  band 
tuning,  the  width  of  the  band  determined  by  the  difference 
between  the  two  extreme  frequencies /i  and  /„. 

Series  Elements :  Inductance  and  Capacity  in  Series ;  Shunt 
Elements :  Inductance  and  Capacity  in  Parallel. — This  arrange- 
ment gives 

and 

e„s??=l  +  l^-'  =  l+V ^l^A 1      (58) 

n  222  2L2P 

This  transforms  to  the  following: 

-4L2P  sin2  ^  =  Lip  +  LiLid-p^  -\-  -^^ \-  -^^p, 

2n  Cip         Ci 


or 


L1L2C1C2P'  +  (L2C2  +  LiCi  +  4L2C1  sin2  ^V'  +  1=0. 
Solving  for  p^  gives 


-( 


L2C2  +  LiCi  +  4L2C1  sin2 1^  j  ± 


■^(l2C2  +  LiCi  +  4L2C1  sin2  ^  -  ALxLiC.C 

£iLiiLj2 

and  the  frequencies  are  given  by 


ZLi\Li2^2^2 


L2C2  +  LiCi  +  4L2C1  sin2 1^  )  ± 


;) 


L2C2  +  LiCi  +  4L2C1  sin2  ~  )  -  4L1L2C1C2 

2Li]IjV^  1C2 
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Sir 


If  we  make  n  very  large,  then  for  5  =  1,  sin-  ^  =  0,  and 


For  s  =  n 


"V  2Z/ iZ/ 2C  iC  2 


/. 


/(L2C2  +  LiCi  +  4L2C1)  + 

1      /  V(L2C2  +  LiC,  +  4L2C,)2  -  4LiL2C,C2 


£iLiiLi2^  iC  2 


(61) 


The  free  periods  of  vibrations  of  the  system  have  two  frequency 
ranges,  one  between  the  values  of  /i  and  /„,  when  the  positive 
signs  are  used  in  the  double-sign  terms  of  (00)  and  (61),  and  the 
other  when  the  negative  signs  are  used.  When  LiCi  =  L2C2, 
the  frequencies  are  given  by 


Sir 


/.  = 


1       2  +  4sin'2« 


27r 


-4{ 


2  +  4  sin2  f  Y-  4 
2nJ 


2LC 


(62) 


2,V 


FWC  +  ^'"^I) 


LC 

Magnetically    Coupled    Filter-circuit    System. — The    various 
types  of  filter-circuit  systems  considered  so  far  are  all  of  the 


ir"^r^^r^^; 


7i 7 


/Y 


Fig.   11. 

direct-coupled  types,  the  recurrent  sections  connected  directly  in 
tandem.  There  is  no  need,  however,  to  impose  any  limitation 
on  the  type  of  coupHngs  to  be  employed  between  the  recurrent 
sections.  Results,  similar  to  those  obtained  for  the  direct- 
coupled  filter  circuit,  are  obtainable  with  magnetically  couj^UmI 
circuits  or  mixed  coupling.  We  shall  investigate  now  the  proper- 
ties and  characteristics  of  a  magnetically  coupled  filter-circuit 
system,  that  is,  one  consisting  of  a  number  of  successively  mag- 
netically coupled  circuits,  as  shown  diagrammatically  in  l-'ig.  11. 
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If  we  designate  by  z  the  impedance  of  each  circuit,  and  by  M 
the  mutual  inductance  between  any  two  adjacent  circuits,  we 
have  the  following  system  of  equations  for  the  current  distribu- 
tion in  the  circuits: 


(63) 


zii  +  Mpi2  =  E, 
zi2  +  Mpii  +  Mpis  =  0, 
2/3  +  Mpi2  +  Mpii  =  0, 

zim  +  Mpim-i  +  Mpim+i  =  0, 

zin  +  Mpin-1  =  0. 

Assume  a  solution  of  the  following  form: 

u  =  A€^y  -\-  Be-'^y.  (64) 

Substituting  this  in  any  equation  of  (63)  except  the  first  and  last 
gives 

ziAe^^y  +  Be-"'y)  +  MpiAe^^'-^^y  +  fie-('"-i'^)  +  MpiAe^^'+^^y  + 

and  rearranging, 

(z  +  MpeT'  +  Mpe-T)(A€'"T  +  Be-'"y)  =  0.  (65) 

The  solution  given  by  (64)  will  satisfy  the  equations  of  (63), 
except  the  first  and  last,  if  we  assign  a  value  to  7  to  satisfy  the 
relation. 

z  +  Mp{ey  +  e-^)  =  0, 
or 


cosh  7  = 


—  z 
2Mp 


P'or  the  first  and  last  equations  we  have 

z(Aey  +  Be-y)  +  Mp{Ae^y  +  Be-^y)  =  E, 
z(Ae''y  +  Be-'^y)  +  ikfp(A€("-»v  -|-  Be-^"-'>y)  =  0. 


(66) 


(67) 


Two  equations  from  which  the  constants  A  and  B  are  deter- 
mined, thus: 

JE^€-"T(2  +  Mpey) 


A  = 


B  = 


e-("-i)7(2  +  Mpeyy  -  e("-i'T(2  +  Mpe'yy 

-  Ee'^yjz  +  Mpe-y) 

e-(«-i)7(2  -I-  Mpey)^  -  e<"-i)T(3  +  Mpf-yf 
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Taking  into  account  the  relation  given  by  (66),  the  above  reduce 
to 


A  = 


B  = 


^l/p(,-(n+l)y_    g(»+l)7) 


(68) 


Introducing  these  vakies  in  (64),  we  obtain  the  expression  for  the 
current  in  any  of  the  circuits,  say  the  mth  circuit, 

Expressed  in  hyperboHc  functions 

^"^         Mp  sinh  (n  +  1)7    *  ^  ^ 

For  the  last,  the  nth  circuit, 

•    —         — -^  sinh  7  ,     - 

*"  ~  Mpsinh  (n  +  1)7*  ^  ^ 

The  complete  solution  is  readily  developed  from  the  above 
expression  by  the  application  of  the  expansion  theorem.  The 
determinantal  equation  is 

Zip)  =  Mp  sinh  (n  +  1)7  =  0.  (72) 

Hence, 

(n  +  1)7  =  JSTT,  I 

i'Sf  .^      1       o      o  ,       ,  (73) 

7  =  :;^^;s  =  0,  1,  2,  3,  •  •  •  n  +  l.j 

The  values  s  =  0  and  s  =  n  +  1  are  to  be  disregarded,  because 
for  these  values,  the  numerator  in  (71)  is  also  zero.  We  take, 
therefore,  only  the  values  of  s  from  1  to  n. 

The  values  of  p  corresponding  to  the  roots  of  equation  (72) 
are  obtained  from  the  relation  given  by  (66).  If  each  circuit 
consists  of  an  inductance  and  capacity  in  scries,  z  =  Lp  -\-  H  -{- 
1/Cp,  and  by  (66) 


Sir 
COS 


_-('•"  +  "+(>) 


n  +  1  2Mp 
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which  gives  a  second-degree  equation  in  p, 

J2LC  +  MC  cos  ^^^}p2  -I-  2RCp  +  1=0. 

Solving,  we  obtain  the  values  of  p  corresponding  to  the  roots  of 
equation  (72)  as  follows: 

Ps  =  a,-{-  i/3„  (74) 

where 

-R 


2(  L  +  2M  cos  — ^ 


7 


LC  +  2MCC0S     '"^         ^'^' 


n  +  1       4L2 


LC  +  2MC  cos     *"" 


(75) 


n  +  1 
We  also  have 


^)=Mpcosh(n  +  l).^^^^.  (76) 

By  (66), 

Mp       2Mp\  CpJ 

Substituting  this  value  of  dy/dp  in  (76),  gives 


dZ(p)  ^  (n  +  1)/^  ^    2  \  cos  (n  +  1)t 
dp  2p      \  Cp)       sinh  y 


(77) 


Introducing  the  values  of  ps  and  dZ(p)/dp  from  (74)  and  (77)  in 
the  expansion  formula,  and  remembering  that  it  is  to  be  multi- 
plied by  sinh  y,  the  numerator  of  (71),  we  finally  obtain  the 
completely  developed  solution  for  the  current  in  the  nth  circuit. 

2  sinh2  7e<+«»+^'^»)' 


*"  =  ^2 


<"  +  'V  +  ccsr+iS))  ""^'  <"  +  '^^ 


sin2  — ^ef+««±-''^'" 
=  2^2 .     "+\         V (78) 
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Including  both  terms  in  each  double-sign  term,  the  above  reduces 
by  simple  algebraic  transformation  to  the  following: 

in    =    4£^2 


n  +  1 


(^  +  ^^^^'  +  c(^rM)+c^T^^  '^'^'"^ 


(79) 


By  (75),  however,  we  have 

al^^l  =    ^ 


(l  +  2./cos^-^) 


-RC 


ctl  +  0l  2 

Making  these  substitutions,  (79)  simplifies  to 

in  = 


iE 


e^A  2Rcos^,t-2lSAL-\-2Mcos~^^.r)sm0J    sin^ 
I       (  \  n+1/  ) 


Sir 
n  +  1- 


4(l  +  2Mcos    7  J 
ji  +  l)\  SR--\ ^ 


'  cos  (  Sir) 

(80) 


This  is  the  complete  solution  for  the  current  in  the  ?ith  circuit  of 
71  successively  coupled  circuits.  The  current  consists  of  7i 
separate  oscillations,  each  of  an  independent  frequency,  damping, 
and  amplitude.  The  fre(iuencies  and  damping  factors  are  given 
by  (75).  Thus: 
P'or  two  circuits,  n  =  2. 

-R  -R 


"'       2L(1+A')'  "'       2L(1  -  K)' 

f   -    ^  —1—  f   -    ^  1 


27r  x/LC(l  +  A'[ '  27r  V/>r(  1  -  A') 

K  =  -1^  (81) 
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For  three  circuits,  n  =  3. 

-R  ^  -R -R 

"'       2L(1  +  lAUK)'  ""'        2L  '        "'  ~  2L(1  -  L414K)" 


2xVLC(l  +  1.414i^)''       27rVLC  2x  VLC(1-1.414K)' 

For  four  circuits,  n  =  4. 


2L(1  +  1.616X)'  "'       2L(1  +  0.616K)' 

=  -Jg  _  -R 

"'       2L(1  -  0.616i^)'  "*       2L(1  -  1.616X)* 

.    _    1  1_ .  .   _    1  1 


27r  VLC(1  +  1.616K)'  2w  y/LC{l  +  0.616X)' 

f   -    ^  1  .   _    1  1 


27r  VZ^C(1  -  0.616X)'  27r  VLC(1  -  1.616X)' 

If  we  neglect  the  resistances  of  the  circuits,  equation  (80)  sim- 
plifies to  the  following: 

s  =  n 

2EC  XI  ^.  sin  /3,f    .  ,      stt 

In  =  --T-T  >j^ r^  sin2  — -— .  (82) 

n  +  1  -*i-J  cos  {ST)  n  +  1 

For  two-coupled  circuits,  n  =  2,  the  current  in  the  secondary- 
circuit  is  given  by 


2EC 


-/3i  sin  ^it  sin2  (^j  +  0^  sin  /Jgf  sin^  (~j 


=  -2-1/32  sin  ^2^ -i3i  sin /Sif}  .  (83) 

which  is  in  exact  accord  with  (62)  of  Chap.  II,  the  formula  arrived 
at  for  this  condition  by  another  method. 

The  corresponding  dampings  of  the  two  oscillations  of  the 
two-couple  circuits  are 

^ -R ^ -R 

""'       2L(l+i^)'"'       2L(1  -  K)* 

For  a  three-coupled  circuit  system,  ?i  =  3,  the  current  in  the 
third  circuit  is  given  by 

EC ( 1  1  ] 

is  =    2      2^'  ^^^  ^'^  ~  ^^  ^^^  ^^^  +  2^'  ^^°  ^^^     '       ^^"^^ 
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The  corresponding  dampings  are 

-R  -R  -R 


"1    =   "orVi 1 — 7  A-i  A  T^\  >    «2    =     ni^',    «3 


2L(1  +  1.414A')'     '        2L  '     '       2L(1  -  1.414K) 

For  a  four-coupled  circuit  system,  n  =  4,  the  current  in  the 
fourth  circuit  is  given  by 

i    =  0  4EC  I  ~0.3455/3i  sin  /3i<  +  0.9046/32  sin  I3.t  1  _       .^^. 
^^         '  1  -0.9046/33  sin  /Sgf  +  0.3455/34  sin  ^d  j 

and  the  corresponding  dampings, 

-R  -R 


<^i  —  oTTl — I     -I  ^iai^\>   "2 


2L(1  +  1.616K)'  ^       2L(1  +  0.616X)' 
■i2  -i? 


<^3   =  ?7F7i n  oirz^\}   "4  = 


2L(1  -  0.616K)'  ^       2L(1  -  1.616K) 

The  method  followed  here  made  it  possible  to  obtain  the 
complete  solution  for  the  current  distribution  in  any  number  of 
coupled  circuits;  to  determine  the  frequencies,  dampings,  and 
amplitudes  of  the  several  oscillatory  components.  The  only 
limitation  imposed  is  that  the  electrical  constants  of  the  individ- 
ual circuits  L,  C,  and  R,  and  the  mutual  inductance  between 
any  two  circuits  are  the  same  for  all  the  circuits. 

Resonance  Effects  of  Multiperiodic  Circuit  System. — We  have 
established,  now,  that  a  circuit  system  consisting  of  a  number  of 
coupled  circuits  has  a  number  of  periods  of  free  oscillations,  oacli 
oscillation  characterized  by  an  independent  frequency,  danq^ing, 
and  amplitude.  This  is  perfectly  general,  applying  to  all  types 
of  couplings,  magnetic,  static,  or  direct.  We  may  reasonably 
infer  from  this  that  if  we  should  impress  alternating  voltages  on  a 
circuit  system  of  this  kind,  it  would  respond  resonantly  to  several 
frequencies,  which  are  precisely  the  frequencies  of  the  free 
oscillations  of  the  system,  and  to  those  frequencies  only.  Hence, 
a  resonance  curve  of  a  circuit  system  of  this  kind  would,  in  effect, 
be  the  resultant  of  several  resonance  curves,  each  corresponding 
to  one  of  tlie  fnuiuencies  of  the  free  oscillations  of  the  system.  If 
the  circuit  system  is  designed  for  small  frequency  separation 
between  adjacent  frccjuencies,  then,  obviously,  parts  of  adjacent 
resonance  curves  would  ()V(M-lap,  tlu>  curves  would  partly  merger 
and  the  effect  would  be  as  if  the  system  were  in  partial  resonance 
even  for  the  freciueiicies  wiiich  are  l)etween  resonance  frequencies. 
If  the  circuit  system   is  desigiu'd   to   have  a  large  number  of 


ELECTRIC  FILTER  CIRCUITS  61 

resonance  frequencies,  all  confined  within  a  narrow  range  of 
frequencies,  the  resonance  curves  would  be  crowded  together 
and  the  effect  approximate  a  uniform  resonance  for  all  the 
frequencies  within  that  range  of  frequencies.  This  is  sometimes 
designated  as  hand  tuning. 

The  author  has  emphasized  this  point,  at  the  expense,  perhaps, 
of  repetition,  because  of  the  confusion  in  the  literature  of  this 
subject  regarding  the  meaning  of  so-called  hand  tuning.  Further 
to  bring  out  this  point,  I  have  worked  out  a  numerical 
problem  to  show  the  resonance  effects  for  impressed  voltages  of 
different  frequencies  in  a  two,  three,  and  four  magnetically 
coupled  circuit,  and  plotted  the  resonance  curves  which  are 
given  in  Figs.  12,  13,  and  14. 

To  compute  these  curves,  use  is  made  of  the  basic  formula 

.    _  E  sinh  7 


Mjp  sinh  (n  +  1)7 

For  impressed  alternating  voltages,  this  formula,  with  the  change 
of  p  to  joi,  gives  the  steady-state  current.  We  also  have  the 
auxiliary    formula 

cosh  =  -,..  > 
2Mp 

and  for  p  =  jw. 


cosh  7  = 


^w/ 


2Moi 

neglecting  resistances. 

It  is  clear  that,  since  the  frequencies  of  the  free  oscillations 
were  determined  from  the  determinant  equation  sinh  (n  +  1)7 
=  0,  then  obviously  reversing  the  process,  impressing  voltages 
of  these  frequencies  on  the  system  would  also  give  sinh  {n  -\-  1)^ 
=  0,  and  the  currents  for  these  frequencies  would  be  infinitely 
large  if  the  resistances  are  neglected.  This  can  be  readily  verified 
working  backward.  Substituting  the  expression  for  j8,  defining 
the  frequencies  of  the  free  oscillations,  in  place  of  w,  we  have 

sinh  7  =   -\/cosh2  7  —  1 

4MV       "  ^'  ^^^^ 
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Substituting  for  w  the  free  oscillation  frequency  value 

1 


VK^  +  f-nTl) 


(87) 


the  above  transforms  to 
sinh  7  = 


J.,2M         ST 


,  L/,  ,  23/  STT  \  UP 


2M 


K'+f-„-T-i)  (««> 


which  reduces  to  the  following: 


sinh  7  =  ^-1+  cos^'  -^-j  =  J  sin  -  — • 
HencO; 

.      STT 

and 

sinh  (n  +  1)t  =  sin  (.stt)  =  0.  (89) 

For  these  frequencies,  the  current  in  the  circuit  is  infinite  for 
zero  resistances.  To  determine  the  general  form  of  the  current 
curve  in  response  to  voltages  of  different  frequencies,  it  will  be 
sufficient  to  calculate  the  current  values  for  frequencies  in 
between  resonance  frequencies  and  for  frequencies  on  cither  side 
of  the  two  extreme  resonance  frequencies.  The  following  values 
of  the  constants  of  the  circuits  were  assumed : 

L  =  0.5  mh]  C  =  0.0002  /;//;  }[  =  0.05  mh. 
A  two-coupled  circuit  system : 

The  resonance  frequencies  are  l/27r  lOVV^,  and  l/2ir  10Vv^9- 
For  the  frequency  in  between  these  frequencies,  say  l/2Tt 
lOVVlO,  cosh  CO  =  0,  and  sinh  y  =  j;  7  =  i7r/4  and  sinh  (n  + 
1)7  =  sinh  .3J7r/4  =  j 

W 
For  fi  =  ,     ;  sinh  7  =  1.732  and  smh  87  =  25.9G. 

•^         27r>/l4 

10^ 
For/5  =  -     -  ,   ;  sinh  7  =  1.732  and  sinh  87  =  25.90. 

27rV0 


ELECTRIC  FILTER  CIRCUITS 


63 


A  three-coupled  circuit  system: 
The  resonance  frequencies  are 


/i  = 


For/4  = 

h  = 

/7    = 


J_ 10^^ 10^  10^ 

27r  VlL4l4        ~  27rVlO    '       27rV8y586' 

107 

;  sinh  y  =  jO.937  and  sinh  Ay  =  jO.49. 
;  sinh  y  =  jO.937  and  sinh  47  =  jO.49. 


27r  X  3.27 

27r  X  3.05 
10^ 


27r  X  3.5 
10^ 


27r  X  2.75 


;  sinh  7  =    0.515  and  sinh  47  =  2.094. 
;  sinh  7  =  0.698  and  sinh  47  =  3.454. 


Frequency 
Fig.   12. 


A  four-coupled  circuit  system: 
The  resonance  frequencies  are: 


/i  = 


10' 


:;/2  = 


27r\/ll.618  27r\/l0.618 


107  107 

5^3     —  /TT-T^^^'fJ*     — 


27r\/9.382' 


10' 


27r\/8.382 


0  3  V  107 

For/5  =         :^        ;  sinh  7  =  JO.83;  sinh  57  =  -jO.983 

^       ,  0.316  X  10'      .    ,  -1  n      •    u   r;  i  nn 

tor/e  =  ^ ;  smh  7  =  jl.O;  sinh  57  =  — jl.OO 
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For/7  =  ^34  ><J0^.  sinh  y  =  jO.84;  sinh  67  =  -jO.983 
For/s  =  — — ^ ;  sinh  7  =  0.95;  sinh  57  =  34.00. 

ZTT 

^       .         0.36  X  10^      .    ,  n-r      ■    I.  K  ro 

For/9  =  ^ ;  sinh  7  =  O.o5;  sinh  57  =  0.9. 

Z7 

From  these  values,  the  graphs  of  Figs.  12,  13,  and  14,  are  plotted 


Frequency 
Fia.  13. 


Frequency 
Fio.   14. 


CHAPTER  IV 
OCEAN  CABLES 

CIRCUITS  OF  DISTRIBUTED  CAPACITY  AND  RESISTANCE 

A  considerable  portion  of  the  second  volume  of  Heaviside's 
"Electromagnetic  Theory"  is  devoted  to  a  discussion  of  problems 
relating  to  wave  propagation  on  cables.  A  large  number  of 
problems  touching  various  phases  of  the  subject  are  analyzed, 
in  which  direct  operational  solutions  and  the  expansion  theorem 
are  applied.  It  is  altogether  beyond  the  scope  of  this  book  to 
give  as  comprehensive  a  discussion  here;  nevertheless,  the  topics 
selected  are  such  as  to  cover  the  most  important  phases  of  the 
subject  and  at  the  same  time  show  the  application  of  the  opera- 
tional solutions  in  a  variety  of  forms  to  serve  as  a  guide  in  the 
solution  of  practical  problems  that  are  apt  to  arise  in  connection 
with  this  subject. 

For  a  cable  of  negligible  inductance  and  leakage,  the  relations 
between  the  current  and  voltage  at  any  point  on  the  cable, 
distance  x  from  the  transmission  end,  are  given  by  the  following 
equations : 


Ri  =  --^ 
ax 


(1) 


R  and  C  are  the  resistance  and  capacity  per  unit  length  of  cable, 
and  p  =  d/dt 

From   these   equations,    we   readily   derive   the    propagation 
equations  for  either  the  voltage  or  the  current,  as  follows: 


dW 


dH 


dx" 
(Pi 
dx^ 


(2) 


It  is  sufficient  if  a  solution  is  obtained  for  either  one  of  the 
equation  (2);  the  other  is  readily  evaluated  by  the  aid  of  the 
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relations    (1).     Consider   the   voltage   equation   and   assume   a 

solution, 

V  =  Ae"-  +  Be-''--  (3) 

This  satisfies  the  differential  equation  if 

K  =  V/^Cp.  (4) 

A  and  B  are  independent  of  x,  but  functions  of  time,  and  depend 
on  the  terminal  conditions.  By  either  of  equations  (1),  we  get 
the  following  expression  for  the  current: 

i  =  |'{-Ae'^-'  +  /^e-^'^}-  (5) 

These  are  general  solutions  involving  indeterminate  time  func- 
tions A  and  B,  which  must  be  separately  evaluated  in  each 
special  case. 

CABLE  OF  INFINITE  LENGTH 

In  the  case  of  a  uniform  cable  of  infinite  length,  any  electric 
impulse  impressed  on  the  cable  travels  along  the  cable  without 
suffering  any  reflection  at  any  point  on  the  cable,  and  it  is 
,,  because  of  the  absence  of  any 
reflections  that  the  mathematical 


E 

I 


solution  of  the  problem  is  con- 
siderably simplified.  We  shall, 
therefore,  begin  the  investigation 
of  this  subject  by  considering  some 
problems  relating  to  cables  of 
^'"-  15-  infinite  length. 

Assume  a  steady  voltage  E  impressed  at  the  transmitting 
end  of  the  cable  x  =  0,  to  determine  the  voltage  and  current  at 
any  point  on  the  cable  distance  x  from  the  transmitting  end. 
The  terminal  conditions  for  this  case  are 

X  =   0;    V  =  E, 
X  =   00  ;  F  =  0, 
which  give 

A  =  0  and  B  =  E. 
Hence, 

V  =  Et-''^ 


^"^  T?  -Kx 
I    =  lit 

R 


(6) 
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At  the  transmission  end,  x  =  0 

Vo  =  E,    __  I 

m  (7) 


''  =  ^\  R   , 

What  meaning  are  we  to  attach  to  the  fractional  derivative 
\/p  =  y/d/dt  which  appears  in  above  equations?  Heaviside 
asserts,  and  apparently  he  discovered  it  experimentally,  that  if 
we  operate  by  V^p  on  unity  function,  that  is,  a  function  which 
has  zero  value  for  t  <  0  and  is  consjant  for  all  values  of  i  >  0,  the 
result  is  l/Virt.     That  is,  ^«//^ 

There  is  no  question  about  the  correctness  of  this  relation; 
many  problems  worked  out  by  Heaviside  on  this  assumption 
yield  correct  results.  Farther  on  (see  pages  73,  97),  we  shall 
give  partial  proof  establishing  the  validity  of  this  assumption. 
With  the  definition  of  y/pl  as  given  by  (8),  the  current  at  the 
transmitting  end  is  given  by 

Obviously,  operating  by  y/p  on  any  constant  quantity  gives 
l/\/Tt  times  that  constant.  Hereafter,  if  not  otherwise  specified, 
unity  function  is  to  be  understood. 

To  obtain  expressions  for  the  voltage  and  current  at  any 
point  on  the  cable,  distance  x  from  the  transmitting  end,  we 
must  algebrize  equations  (6)  which  involve  operating  by  e"^-". 
Expand  e'^-"  in  a  series,  and 

f  K^x^       K^x^       K'^x'^  ] 


The  terms  of  integral  powers  of  p  in  the  above  expression  are 
to  be  disregarded,  because  they  imply  complete  differentiation 
of  a  constant,  in  this  case  unity,  which  gives,  of  course,  zero. 
Hence,  (10)  reduces  to 

F  =  BJl  -  iECr,)'".-^^^  -  ^^^  -■■■]■  (U) 
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Since 

^  =  -hi 

we  get  by  successive  different iat ion 


P^'i     =     p2-y/p     = 


2.2\/- 


.«-56 


pVi  =  p^\/p  =   - 


3-5 


2  •  2  •  2\/7r 


<-^- 


(12) 


Introducing  these  values  in  (11)  gives 

1     /Rcy^ 


'A'  ) 


RC 


2-2-5!VA  ' 


x'  + 


or 


£='-(,/    )    p-3(  4(    j  +  5  2(  ^^)-  |'<'-^' 

which  is  the  expression  for  the  voltage  at  any  point  on  the  cable. 
It  is  seen  that  it  is  a  function  of  RCx-/4t,  and  if  we  put  this  for 
brevity  y^,  we  have 


3 


y' 


y' 


y       'i        f^  2!       7.3! 


which  may  be  put  in  the  form  of  a  definite  integral. 
V 


E 


=  1 


VttJo 


dy. 


(14) 


This  integral  term  is  sometimes  designated  as  the  error  function 
and  denoted  by  erf.  y  for  which  tables  have  b(>en  worked  out. 
A  short  table  is  given  in  the  appendix. 

The  expression  for  the  current  in  the  cable  could  l>e  obtained  in 
the  same  way,  utilizing  the  same  operations  as  in  the  derivation 
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of  the  voltage  formula  (13).     It  is  simpler,  however,  to  derive  the 
expression  for  the  current  from  (13)  by  the  circuital  relations  (1). 

•  =  _   1^ 
R  dx 

_  E  [/RCY       _J_/^\'^^2  .      3-5    (RCY\. } 

-Riy-^)  2-2V7rV  i  )    '^^2-2-5'\  t  )   ^  j 

RC         1  /Rev 

U  ^   ^  2 !  \^t) 


E  /RC\y^  [ ,      RC  ,  ^  1  /Rcy  , 


(15) 


R\Trt  ) 

VRttI 

Equations  (13)  or  (14)  and  (15)  determine  the  voltage  and  current 
at  any  point  on  the  cable  for  any  time  t. 

CABLE  OF  FINITE  LENGTH 

In  a  cable  of  finite  length,  the  character  of  the  voltage  and 
current  depends  not  only  on  the  electrical  characteristics  of  the 
cable  itself  but  also  on  the  terminal  conditions  at  the  ends  of  the 
cable,  the  latter  determining  the  character  of  the  reflections  at 
either  end.  The  voltage  and  current  waves  on  the  cable  are,  in 
fact,  composite  waves,  the  resultant  of  practically  an  infinite 
series  of  waves  arising  from  the  repeated  reflections  at  either  end. 

We  shall  consider  first  the  simplest  cases,  those  of  a  free  cable, 
the  ends  either  grounded  or  open,  no  terminal  impedances,  in 
which  case  the  reflected  waves  are  of  the  same  character  as  the 
incident  waves  with  or  without  reversal  of  signs.  For  a  grounded 
end,  the  voltage  wave  is  reflected  negatively;  for  an  open  end, 
the  voltage  wave  is  reflected  positively. 

Whatever  the  terminal  conditions  are,  the  equations  for  the 
voltage  and  current  in  the  cable  are  still  given  by  (3)  and  (5) 

V  =  Ae""'  -\- Be- 


i  =  J^-{-Ae^^  +  Be-^^). 


(16) 


The  factors  A  and  B  are  time  functions,  but  independent  of  x, 
and  are  determinable  from  the  terminal  conditions. 

A  Cable  of  Length  1  Grounded  at  Both  Ends. — A  constant  volt- 
age E  appHed  at  the  end  x  =  0.     We  have  for  this  case, 

X  =  0;V  =  E, 

X  =  1;  V  =  0. 
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which  gives  on  substitution  in  (16), 

A+B  =  E, 
At"'  +  Be-^'  =  0, 
from  which  A  and  B  are  determined  as  follows: 


A  = 


B 


(17) 


dx- 


•HK 


Fig.  16. 


Introducing  these  values  in  (16)  gives 


V  = 


^|e^(^-x)   _  g-iC(/-i)| 


cKl    f-Kl 


I    = 


E.^. 


K(l-X) 


+  e 


-Kil-r.) 


These  equations  may  be  put  in  this  form: 
E  sinh  A'(/  -  x) 


V  = 


=  E 


sinhiiCf 

Cp  cosh  K{1  -  x) 


sinh  Kl 


(18) 


(19) 


To  develop  the  solution  from  the  above  equations,  w(>  may  utilize 
either  the  direct  operational  process  or  apply  \\w  expansion 
theorem.  We  shall  adopt  the  latter  as  beinfz;  the  simpliM-  method. 
Heaviside  carried  througli  in  detail  the  operational  process. 

The  expansion-theorem  formula,   of  which   the  derivation  is 
given  in  Chap.  II,  is 


E 


,P^i 


i  or  r  =  „/  "        ■\-  E^^       -.rit—-^ 


(20) 
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which  may  be  applied  for  the  determination  of  either  V  or  i. 
For  the  determination  of  V,  we  note  that  the  determinantal 
equation  is 

Hence, 

Kl  =  jnw;  n  =  1,  2,  3,  4  •  •  • 
and 


rnr 


from  which  we  get 


K  =  VRCp  =  i  ^  , 


P=-RCl^-  ^^^^ 


There  are  an  infinite  number  of  values  of  p  given  by  equation 
(22)  which  satisfy  the  determinantal  equation.     We  also  have 


«^«=cosh«^(^') 


but 


therefore, 

cosh  Kl  =  —. —  cos  mr.  (23) 

2jmr  2jmr 

For  p  =  0,  we  note  that  sinh  Kl  =  0,  but  so  is  also  the  numerator 
in  (19),  sinh  K{1  —  x)  =  0,  which  would  make  the  expression 
indeterminate.  By  taking,  however,  the  value  of  sinh  K{1  —  x) 
I  sinh  Kl  as  p  approaches  zero,  we  get 

sinh  Ki}  -  x)  ^  K{1  -  x)  ^  .  _x 
sinh  Kl  Kl  I' 

and 

Z(p)p=o  =  1  -  f  (24) 


Also, 

oi-nV»     TT (1    f\    —    -jcin 


sinh  K{1  —  x)  =  jsin  -y-(Z  —  x)  =  j  sin  /t7r(  1  —  .  j 


.     mrx 
=  —  J  cos  mr  sm  -^ — 


72  HEAVrSIDE\S  ELECTRICAL  CIRCUIT  THEORY 

Introducing  these  values  in  (20)  we  obtain 


H  ->  - 


F  =  i'(i--;)  +  £2— 


I 


,,  cos  mr 
KCP"         2jnw 


n«T» 


=  ^y-l)-\2jn''''-l     '  '  (25) 

«  =  i 

which  is  the  complete  solution  for  the  voltage  at  any  point  on  the 
cable  for  any  time  t  after  the  application  of  the  voltage.  For 
infinite  time,  we  get  the  steady-state  condition  which  is,  by 
(25),  for  <  =  cc, 

V  =  e(i  --^y  (26) 

The  expression  for  the  current  may  be  derived  in  the  same  way 
by  the  application  of  the  expansion  theorem  to  the  second  equa- 
tion of  (19),  or  we  may  obtain  it  from  (25)  by  the  circuital 
relation 

Ri  =  — J-' 
ax 


which  gives 

n  =  00 


rnrx       ^"'^ 


Rl    '    Rl 

n  =  \ 


If  I  is  made  infinitely  long  in  above  expression,  the  first  right- 
hand  term  reduces  to  zero  and  the  summation  terms  go  by  steps 
of  w/l,  and  for  /  infinite,  ir/l  is  infinitely  small.  If  we  put  mr/l  = 
s,  then  tt/I  =  d.s  and  the  above  jjecomes 


(28) 


.    2E  r    ^'      ,  , , 

I  =  -  „   I    c  cos  {sx)(is. 

TT/f  Jo 

For  X  =  0  at  the  transmitting  end,  this  reduces  to 


on  .<- 

2E  C   ~"''' 


ds. 


Put 


and 
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Rc'  = ''  vrc  =  '''"  =  V  r^^' 


.      2E\/RC  C      „.j 

ttRVi   Jo 

This  is  a  well-known  definite  integral  whose  value  is  \/7r/2  (see 

Osgood's  "Advanced  Calculus." 

Hence, 

Comparing  this  with  the  second  equation  of  (7),  which  is  also 
an  expression  for  the  current  at  the  transmitting  end  of  an 
infinite  cable,  we  get  the  relation 

C~  (C     1 


>P 


R  \lR  -y/Trt 

and 

V-p  =  ^;  (30) 

which  establishes,  at  least  in  an  experimental  way,  the  validity 
of  the  assumption  concerning  the  fractional  differential  operator. 
Another  proof  is  given  in  Chap.  V. 

Cable  Open  at  One  End. — Another  simple  case  is  that  of  a 
cable  open  at  the  far  end.  The  terminal  conditions  for  this  case 
are 

X  =  Q.y  =  E, 

X  =    I;  i  =  0, 


which  give,  by  (16), 


Hence, 


A  -\-  B  =  Ej\  /qt 


(32) 
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Introducing  these  values  in  (16),  we  obtain  the  equations  for 
the  voltage  and  current  as  follows: 


V  =  E 

I  =  E 


cosh  K{1  —  x) 
cosh  Kl 

Cpsinh  K(l  —  x) 
\  fi!        cosh  Kl~' 


(33) 


Applying  the  expansion  theorem,  we  have,  for  this  case,  the 
deterniinantal  equation 


Zip)  =  cosh  A7  =  0, 


(34) 


which 

gives 

Kl 

1,  3,  5,  7,  • 

and 

K  =  VRCp 

.nr 
=  ^2l' 

From 

this  we 

get 

p  =  - 

ARCV-' 

Also, 
but 

dZ{p) 

-^  =  sin 
dp 

d{Kl) 
dp 

hhl  \—f 
dp 

RCP 

jnir 

(35) 


hence, 


For 


dZ{p)       RCP  .  .   „,       RCV    .    nir 

—^       =    .      smhA/  =  sin  ^  • 

dp  jmr  riT  2, 


(36) 


p  =  0;  cosh  A'(/  —  x)  =  \  =  cosh  A7. 


Introducing  these  values  in  the  expansion  fonnula,  we  obtain 
the  developed  solution  for  tlic  voltajic  as  follows: 

»7r/         .r\      ««'■'"' 

V  =  E  -  Ey.     „1A  ^^J/      — , 


nV      RC]^    .     HIT 


__"!lL 


„        .->'"^1         nirx 
=  E  —  >,     sin    T^T-e 


(37) 
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The  expression'  for  the  current  can  be  readily  derived  from  (37) 
by  the  relation  i  =  —1/R  dV/dx. 
Thus: 

,•  _  2^^  eos  '^~''''''    .  (38) 

To  show  the  application  of  the  second  formula  of  the  expansion 
theorem,  derived  for  the  case  of  applied  alternating  voltage, 
we  shall  consider  the  preceding  problem,  assuming  an  alternating 
voltage  of  sine  wave  form  and  of  frequency  /  =  co/27r  applied  at 
the   transmitting  end.     For  this   case,   we   have   the   formula 

V  =  ^^-   +  E^ -^, ■;        (39) 

only  the  real  part  of  the  above  to  be  taken. 

The  determinantal  equation  is  the  same  as  in  the  preceding 
problem  of  applied  steady  voltage,  and  we  have,  therefore,  the 
same  values  of  p  and  dZ{jp)/d'p.  The  summation  term  is  to  be 
modified  only  by  replacing  p„  by  p„  —  jw.  For  the  first  right- 
hand  term,  we  have 

1         _  cosh  K{1  —  x)  _  cosh  -s/jwRCil  —  x) 
Z{v)p=j^~       cosh  Kl       ~        cosh  Vjc^RCl 

cosh\^^{l+JKl-x)] 


cosh  1^(1  +i)ZJ 


Hence, 


cosh    — ^2  "'^^■^  "^  ^^^^  ~  ^^ 

V  =  E^'^' —r-j^^ T-^  + 

cosh  1^(1 +i)Z 


g.^  PncP"'  cosh  K{1  —  x) 


(40) 
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Introducing  the  values  of  p„  and  dZ{p)/dp  from  (35)  and  (36), 
equation  (40)  takes  the  form 


V  =  Ee^" 


cosh  1^1^(1  +i)(/-:r) 


cosh\^^{l+j)l\ 


-    .    mrx  -  ....7.J 
^^3  n^  sin  -2^. 


4/f(7  = 


4RCr- 


4^4 


Wit 


iMCl'' 


+  0)2 


(41) 


For  CO  =  0  (41)  reduces  to  (37),  as  it  should. 

Voltage  Applied  at  Intermediate  Point  on  Cable. — We  shall  now 
consider  a  more  comprehensive  case,  that  of  applied  voltage  E 
at  an  intermediate  point  on  the  cable.  We  have,  in  this  case, 
two  series  of  waves,  the  primary  wave  is  doubled,  going  both 


r 


6---H     \—t^ 


q 


Fig.   17. 


ways;  each  wave  suffers  reflection  at  both  ends  of  the  cable. 
Count  distance  from  the  end  to  the  left  of  E  the  voltage  applied 
at  the  point  x  =  U,  and  the  total  length  of  the  cable  is  /.  Desig- 
nate by  Vi,  i\  and  1^2,  h  the  voltage  and  current  to  the  right  and 
left  of  E,  respectively. 
For  the  right  of  E, 


For  the  left  of  E, 


T'2  =  A^t"^  +  Iht-'^^ 
l\  =  ^'(.4oe^'-7?26-'^'). 


(42) 


(43) 


The  distances  to  the  right  and  left  of  E  are  counted  in  opposite 
directions,  hence,  the  reversal  of  sign  in  /n. 
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For  a  cable  open  at  both  ends,  we  have  the  conditions,  when 

X  =  I;  ii  =  0, 
X  =  0;  ii  =  0. 


Hence, 


and 


A2-  B2  =  0, 
Bo  =  A2. 


(44) 


At  X  =  li,  the  point  of  voltage  application,  the  following  condi- 
tions must  hold: 

ii  =  —ii, 

which  give  the  following: 

-A,  +  B,=   -A^e^h  +  B^e-^h, 
Ai  +  Bi  -  .4 26^'!  -  Bae-'^''   =  E. 

Introducing  the  values  of  Bi  and  B2  from  (44),  we  get 

-Ai  +  Aie2^'('-'i'+  ^26^''!  -  Aae-'^''!  =  0, 

Ai  +  Aie2^'('-'i^  -  A^e^h  -  A2€-^''i   =  E, 
or 

Aifc^('-'i)  -  e-A'(/-«i)}e^(/-'i)  +  Aile'^h  -  f-A-'i}    =  Q, 
Aije^C-'i)  +  e-A-a-'i)}e^('-'i)  -  A2{6^'i  +  e-'^-'i}   =  E, 

which,  on  solving,  give  the  following  values  for  Ai  and  A2: 


^  Ee-^-(^-^i>  sinh  Kh 

2  sinh  ii:Z 

(45) 
^  -£"  sinh  Jj:(Z  -  h) 

'  sinhiC^ 
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Substituting  these  values  in  (42)  and  (43),  we  obtain,  by  simple 
transformation,  the  following  expressions  for  T'l  and  T'o,  the 
voltages  to  the  right  and  left  of  the  point  of  the  applied  voltage; 

Thus: 


,,        E  smh  Kh      ,   i^.,         V 
Ki  =       .   ,   >,,    coshA(f  —  X), 
smh  Ki 

V         -Esinh  K{1  -U)       ,  ^ 

^2  =  •   ,    T^i cosh  Ax. 

smh  Kl 


(46) 


In  a  similar  way,  we  can  obtain  expressions  for  the  voltages  on 
the  cable  when  both  ends  are  grounded  or  when  one  end  is 
grounded  and  the  other  end  open — two  cases. 
The  two  ends  grounded: 


„        EcoshK/i    . 

^^  =  ^inh^r  ^^^^  ^(^  -  •^)' 

T-        —E  cosh  Kil  —  h)    .  ,    „ 

V2  =  •   ,    r^, smh  Ax. 

smh  Kl 


(47) 


The  end  to  the  left  grounded,  and  the  end  to  the  right  open: 


,,        £■  cosh  All       ,  j^,,         , 

^^=  coshxr^^^^^^^-^^' 

-E  sinh  K{1  -  h)    .  ^  ,. 
V  2  =  r-rh smh  Ax. 


(48) 


cosh  Kl 

The  end  to  the  right  grounded,  and  the  end  to  the  left  open: 


E  sinh  A7i    .   ,    ..,,         , 
^■=     coshA'/"^'"*^^^'--^^' 

^         -^coshA(/-  h)       .   „ 

V2  = ,    ry-, cosh  Ax. 

cosh  Kl 


(49) 


Expressions  for  the  curn^nts  can  be  readily  derived  from  the 
voltage  expressions  by  the  relation 


1  dV 
R  dx' 


For  either  of  the  above  cas(^s,  tlic  complete"  solution  is  readily 
developed  by  the  application  of  the  expansion  theorem.     It  will 
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be  sufficient  to  consider  only  one  case,  and  we  shall  take  that 
of  cable  open  at  both  ends  for  which  formulas  (46)  apply.  The 
determinantal  equation  is 

Zip)  =  sinh  Kl  =  0, 
Kl  —  jnir;  n  =  1,  2,  3,   •   •   • 

The  values  of  p  corresponding  to  the  roots  of  this  equation  are 
given  by 


.nir 
A  =  V  i^^V  = 

and 


K=  VRCp=j\ 


P.  =  -^-  (50) 

^)  =  coshZZ^=f^%oshi./, 
dp  dp  2jmr 

=  2jn.  '^^  (^"^-  (^1) 

For  p  =  0, 

cosh  K(l  —  x)  =  I 

sinhi^Zi  _  Kli  _  li 
sinh  Kl  ~  Kl  ~  I ' 

Introducing  these  values  in  the  expansion-theorem  formula,  we 
get 


Ti 

= 

Eh 
I 

.     .      nirli 
J  sm  -,     cos 

■    1    F^ 

mri  1 

- 

l) 

RCP 

RCP 

2jmr 

COS 

(wtt) 

which 

simpli 

fies  to  the  following: 

T' 

1  = 

J,    ,    2E^S^1    .     mrl 
Ej-\-         >     sm  — ,-- 

1          t 
cos 

lirX 

.      RiT- 

l    ' 

Put  iVK/l  =  Si,  and  the  above  takes  the  form, 

El,             "^^sin  (sli)  cos  (sx)e   ^^ 
V.  =  'f-V  2E  2i  si         (-52) 

For  V2  we  use  the  same  values  of  p  and  dZ{p)/dp,  but  in  this 

f  n         1  K(l  -  h)        .        U 

case,  for  p  =  0,  ^^-^^  =  -^^  =  1  -  j- 
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Hence, 


J  sm  mr[  i  —  ,  I  cos  -y-  _  nuty 
nV2    i2CZ2 


-€ 


~d7^72"  '  o"^      COS  (htt) 

Zi  nirx 

,  X  ^«r-iSin  WTT,  cos  -,-      „v» 

=  W 1  _  M  _  2£'^ -^^ L,-Rcr:f, 


I 

and  for  titt/^  =  s, 

V,  =  -£(l  -  ';)  +  2E^«i°  ('^'.)j°s  M^-C'      (53J 

For  cable  grounded  at  both  ends,  formula  (47),  the  deterniinantal 

equation  is  the  same  as  in  the  previous  case.     Hence,  for  this 

case,  also, 

-n'ir'~   dZ{p)       RCP         ,     , 
Vn  =     r^^Vio  ;  — ^     =  IT- —  COS  (n7r). 

For  j^»  =  0,  we  have,  for  Ti, 


1        _  ^  ~  ^  _  1  _  ^ 


and  for  W, 


Z(p)p=o       I 
Combining  and  simplifying,  we  obtain 


mrl\    .     uttx 
,  cos     ,     sin 


and 


y    ^  -Ex  _  ojpN^cos  (si)  sin  (■sj)^-^''.^ 


(54) 


(55) 


The  complete  solulions  for  the  otluM-  two  cases,  (48)  and  (49), 
can  be  developed  in  tiic  same  way. 

Cable  with  Terminal  Impedances. — We  have  so  far  confined 
the  discussion  to  a  free  cai)le,  that  is,  a  cable  with  free  ends, 
either  grounded  or  open,  in  which  case  the  reflected  waves  are 
copies  of  the  incident  waves,  with  or  without  reversal.  The 
series  of  waves  resulting  from  repeated  reflections  are  all  of  the 
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same  character,  which  makes  it  possible  to  express  the  solutions 
in  a  comparatively  simple  form.  When,  however,  impedances 
are  introduced  at  the  terminals,  the  reflections  are  no  longer 
complete,  and  the  problem  assumes  a  more  complicated  char- 
acter. In  some  cases,  however,  it  is  possible,  even  for  the  condi- 
tion of  impedances  at  the  terminals,  to  obtain  solutions  either 
by  direct  operational  process  or  by  the  application  of  the  expan- 
sion theorem. 

We  shall  consider  first  the  case  of  an  infinite  cable,  an  imped- 
ance Zo  at  the  transmitting  end.  The  terminal  condition  for  this 
case  is 

X  =  0]  7o  +  Zui,  =  E.  (56) 

By  (3)  and  (5), 


B  +  Z,J^-^B  =  E, 


and 


Hence, 


B  = 


E 


1   4-  7      ''^'P 

1   +^n^,^ 


T'  =  -^— TT^"^'-  (57) 

We  shall  investigate  the  input  voltage,  that  is,  the  voltage  at 
the  transmitting  end,  for  different  types  of  impedances. 


E 

X 


Fig.    18. 

Resistance  at  Terminal;  Z.j  =  Ro. — For  this  case, 

E 


1  +  ^oa/^ 


By  division, 

.o  =  .[:-«.ft)%«<^^)-«f  >)%...}.  (58) 
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The  terms  of  even  powers  of  p  imply  complete  differentiation  of 
unity,  which  would  give  zero,  of  course,  and  are,  therefore,  to 
be  disregarded,  and  the  above  reduces  to 

Operating  by  p^^  on  unity  gives  l/Vyrt  by  (8);  hence, 

y.=.-.4^-7^(i+<'>)  +  <>)V... 1^,(00) 

Operating  on  l/V^  by  p,  p-,  etc.,  involves  repeated  differentia- 
tion, which  can  be  done  at  sight  (see  (12))  and  we  get  the  com- 
plete solution 

v..  =  E  -  ER{iy{l  -  (^f,)  +  ..:{;3'  -■■■}■  («1. 

This  solution  is  in  the  form  of  a  series  in  descending  powers  of  t, 

suitable  for  computation  for  large  values  of  t.     For  very  small 

values  of  t,  the  above  formula  is  obviously  not  well  adapted. 

It  is  possible,  however,  to  develop  (58)  in  the  form  of  a  series  of 

ascending  powers  of  t  convenient  for  computation  when  /  is 

small. 

Write  equation  (58)  in  this  form: 

+  {RlCp) 
By  division, 

This  may  be  put  in  the  following  form: 


Rli  p       \Rh(  V 


^Im-^im)  + 


111  tlic  first  scries  of  the  above  (Miuatioii,  the  opei'iition  re(|uir(i! 
is  successiv(^  integrations  of  p'^  =  1,  Vt/;  and  in  tlie  second 
series,  the  operation  required  is  successive  integration  of  unity. 
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In  either  case,  the  operations  can  be  performed  at  sight,  bearing 
in  mind  that 

^t'i  =  2^■^ 
p 

It'A  =  '^m 

V'  1-3     ' 

p3  1-3 -5 


Performing  these  operations,  we  get  the  following: 


^    ^\RlC)l-?>^\RlC)  l-?>-b^  \\Riv  ) 


[Rt        (  RY    f     ^(^\^— 
and  this  simplifies  to 

^(l  _  ^Rfc)^    (63) 

a  very  convenient  formula  for  calculating  T^o  for  small  values  of 
t.  Formulas  (61)  and  (63)  supplement  each  other,  one  to  be 
used  for  large  values  of  t  and  the  other  for  small  values  of  t. 

Terminal  Impedance  Zn  =  1/cop. — Substituting  l/Cop  for  Zo 
in  (57),  we  get  the  expression  for  To  for  this  condition, 


T'o  = 


Fig.   19. 

E  E 


1       Cp       1    ,  C 


1+-^.^^       1  + 


Cop  A/  R  \ClRp 

Put  for  brevity  C/CIR  =  1/a,  and 


Vo  =  ^-  (64) 

1  +-y 
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By  division,  the  above  expands  in  the  series 

^'^  =  ^P  "  (c^  +  lap)  ~  {^^i  "^   ■ 

=  ^  1  +  -  +  -r\,  +  -r\,  +  •  • 
[  ap       \apr       {apr 

The  first  bracket  term  of   (65)  involves  complete  integration 
of  unity-time  function  which  can  be  effected  at  sight.     Thus: 


^i'+-+-v.  +  --i  =  ^i.+>,\(,;)> 


op        {ap)' 


t 


=  Ee".  (06) 


To  evaluate  the  second  bracket  term  of  (65)  involves  integra- 
tions of  the  factor  l/(op)'^. 
Now, 

1         1    ,,        11  2t''^ 


VV         VttJo  'Vtt 


11      2-2  r.,. ,.     2  •  2  •  2 

3-'5v/7r 


Hence, 


£•1  1  _|_  X  _| ^ 1 \     -|_   .  .  .   I  __^    _  = 

''I  ap        (ap)^        (op)^  j  (ap)*^ 

Combining  the  results  of  (66)  and  (67),  we  obtain  the  complete 
developed  solution  for  the  voltage  at  the  transmitting  end, 


t  /  f  \  'i 


<■'.)■' 


1  2t  1    /2/\'^ 


Vo=  7?."-2Al    J       1  +:,  „  +.,  .-i.       +   •  •  •  (68) 


3  a   ^  3  •  :)V  a 


OCEAN  CABLES  85 

a  very  convenient  formula  for  computation  when  t  is  small,  the 
series  rapidly  convergent.  Heaviside  gave  an  alternate  formula 
for  this  case,  adapted  for  large  values  of  t,  which  is#as  follows:^ 


CABLE  OF  FINITE  LENGTH;  TERMINAL  IMPEDANCES 


(69) 


When  we  depart  from  the  ideal  condition  of  a  free  cable,  the 
ends  either  open  or  grounded,  we  run  into  considerable  mathe- 
matical difficulties.  The  problem  becomes  more  difficult  because 
of  the  fact  that  the  reflections  at  the  ends  are  no  longer  complete; 
part  of  the  wave  energy  is  absorbed  by  the  terminal  apparatus, 
and  only  part  of  it  is  reflected,  with  the  result  that  at  each  reflec- 
tion the  entire  character  of  the  wave  is  changed.  The  final 
solution  must,  of  course,  sum  up  all  the  repeated  reflections  at 
each  end,  which  introduces  considerable  complexity  in  any 
attempt  to  obtain  a  general  solution.  In  some  special  cases, 
however,  it  is  possible  to  obtain  a  solution  in  a  form  suitable  for 
numerical  calculations. 

It  would  be  well  worth  while  for  the  student  who  desires  to 
obtain  a  mental  picture  of  the  physical  process  in  the  building 
up  of  wave  solutions  to  read  Heaviside's  "Electromagnetic 
Theory,"  Vol.  II,  pp.  67  to  77.  He  sets  forth  clearly  the  whole 
process,  starting  out  with  a  single  wave  generated  at  one  end, 
taking  proper  account  of  its  attenuation  as  it  reaches  the  other 
end,  multiplying  by  a  coefficient  of  reflection,  and  transmitted 
back  on  the  line;  again  attenuated  and  reflected,  the  process 
repeated  over  and  over.  Summing  all  up,  he  arrives  in  a  physical 
way  at  the  complete  expression  for  the  voltage  on  the  cable. 

Let  us  assume  a  cable  of  length  /;  impedances  Zi  and  Zr  con- 
nected at  the  transmitting  and  receiving  ends,  respectively. 
We  have  the  general  expressions  for  the  voltage  and  current, 
equations  (3)  and  (5),  which  are  apphcable  for  all  cases,  irrespec- 
tive of  the  terminal  conditions. 


(70) 


V  = 

=  At'''  4-  B« 

-Ki 

i  = 

=  gV^'"' 

+  Be- 

""), 

K  -- 

=  V^Cp. 

^See  Heaviside,  "Elertromagnotif  Theory,"  Vol.  11,  p.  42. 
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A  and  B  are  determined  from  the  terminal  conditions,  which  are 
as  follows: 


For  X  =  0;  Yo  =  E  —  zdo,  1 
For  X  =  I]  Vi  =  Zrir  j 

Those  give,  on  substitution  in  (69), 

A-\-B  =  E  -  ~^{-A  +  B), 


(71) 


Rearranging, 


(72) 


From  these  two  equations,  expressions  for  .1  and  B  aie  readily 
obtained : 


A  = 


(-f)- 


K 


(\  +  2,2,  ;^IV«-'^''  -  f'^'o  -  }^'  {zl + 2-)(e'^''  +  «-^') 


B  = 


?(l  +  ^^^^)  .- 


(i+2,.4:)( 


(e-K'  _  e^O  -^  (2,  +  2,.)(e'^-'  +  e"^'') 


(73) 


Iiitr()(hicing  tliese  values  of  A  and  /?  into  (69),  we  olitain  the 
f(jllowing  expressions  for  the  voltage  and  current  in  the  cable: 


y=E 


(l+ZrZ.  f  A(e'^''-e-^')+  ^(2.+  2r)(6'^-'+«-'^0 

^^^  (tA-(/~^>_|_e-A-('-^))_|_2,^'^(jA-(/-x)_g-A:(/-X)) 


_M  +  2,2,^^,  j(6'^-'-e-'''')+^  (2,+2.)(6^-'  +  6-'^') 


(74) 
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sinh  A'(^  —  x)  -{-  Zrn  cosh  K(l  —  x) 


V  =  E 


1     +2: 


'rZt  73  2   ) 


^V 


K  ' 

sinh  Kl  +  p  {zt  +  Zr)  cosh  A7 


i^ 


Z 


(75) 


E 


co^hKil  —  x)  +  2rD  sinhiv(i  —  x) 
1  +  ZrZt-p.y)  sinh A7  +  -nC^i  +  2r)cosh A7 


i^^ 


R 


For  a;  =  i,  at  the  receiving  end, 


Vi  = 


EZr 


(  A  ~^  2t2r  p  )  sinh  Kl  +  (^^  +  Zr)  cosh  AZ 


^ 


-fr  +  2,2;^  D  j  sinh  A?  +  {zi  -\-  Zr)  cosh  AZ 


(76) 


The  problem  of  greatest  interest  in  cable  telegraphy  is  to  deter- 
mine the  current  at  the  receiving  end,  usually  designated  arrival 
current.  For  this,  we  have  the  expression  given  by  the  second 
equation  (76).  To  develop  the  complete  solution  from  this 
expression  by  the  application  of  the  expansion  theorem,  it  is 
necessary,  in  each  case,  to  determine  the  roots  of  the  determin- 
antal  equation. 


Z{v) 


■a 


+  ZrZij.  )  sinh  Kl  +  {zi  -\-  Zr)  cosh  A7  =  0, .    (77) 


or 


tanh  Kl 


-{Zt    +    Zr) 

R  K 

A  +  ^'^'R 


(78) 


When  the  terminal  apparatus  Zi  and  Zr  are  combinations  of 
inductances  and  capacities,  the  determination  of  the  roots  of 
equation  (77)  may  be  a  quite  difficult  matter.  In  special  cases, 
however,  the  roots  of  the  equation  are  readily  determined,  and 
the  complete  solution  can  be  obtained.  We  shall  consider  here  a 
few  typical  cases. 
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Resistance  at  Receiving  End;  Transmitting  End  Grounded. 
The  determinantal  equation  for  this  case  simplifies  to 


tanh  Kl 


K  = 


Rl 


Kl- 


(79) 


Put 


Kl  =  jx, 
and  the  above  transforms  to 

,  Rn 

tan  X  =  —  r,i  X- 


(80) 


The  roots  of  this  equation  can  be  found  approximately  by  means 
of  a  diagram  plotting  two  curves 


yi  =  tan  x, 
Ro 

t/2    =    -^i    X> 


(81) 


the  intersecting  points  of  these  curves  giving  the  values  of  x, 
the    roots  of  (80).     In  Fig.    (20),  tangent  curves  are  plotted, 
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y\   =  tan  r,  and  tne  two  lines  //o  =  —x  and  //a  = 
is.  for  values  of  A'„  =  Rl  and  A'u  =  '  y^Rl. 


•x/10,  that 
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The  intersecting  points  for  ?/2  =  —x/lO  are 

X  =  2.8;  5.7;  8.7;  11.6;  14.8;  17.8. 
For 

2/2    =     -X, 

X  =  2;  5;  8;  12. 

These  values  of  x  are  the  first  few  roots.     By  extending  the 
graphs,  additional  roots  of  the  equation  can  be  obtained. 

To  obtain  the  values  of  dZ(p)/dp,  we  note  that,  for  the  condition 
of  this  problem, 

r> 

Z(p)  =  „  sinh  Kl  +  /2ocosh  Kl, 

IS. 

and 

— T —   =  (RI  cosh  Kl  —  ^2  sinh  Kl  -\-  Rnl  sinh  Kl  J  ^~^ 

dK  ^  ^  iRCp)y^  ^  1  K 
dp  dp  2  p 

Hence, 

^^^  =  --{Rl  cosh  Kl  -  5  sinh  Kl  +  R,Kl  sinh  A7  1  • 
dp  2p{  K  J 

Substituting  Kl  =  jx,  we  have 

dZ{p)      1/  ,  i^z  .  \ 

p      r,        =  2[Rl  COS  a:  — "~  sm  0-  —  Rox  sm  x   ]•  (82) 

By  (80),  however, 

Ra  = tan  X, 

X 

and  substituting  this  in  (82),  we  get 

dZjp)        1  /  Rl  sin  X    ,    ^,  sin2a:\ 

P      n,,      =  b  (  ^^  cos  a-  — 4-  /??  ) 

^     op  2  y  J  cos  a- y 

Rl  /     1  sin  a\ 

~   2  I  cos  X  a:    y 


(83) 


For  p  =  0, 


Z(p)  =  ^^-  -\-Ro  =  Rl-\-  Ro.  (84) 
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Substituting  tlio   values  from   (83)   and   (84)   in  the  expansion 
formula,  we  obtam  the  complete  solution 


Rl  Jr  Ro  2a~;:T^\         ^i^'  (8-^) 


ycos  X  X    J 


the  summation  to  extend  for  all  the  values  of  x,  the  roots  of 
equation  (80).  When  Rn  =  0,  equation  (80)  gives  tan  r  =  0 
or  a:  =  mr,  and  (85)  reduces  to 

which  is  the  same  as  (27)  for  x  =  I. 

Condenser  at  Receiving  End;  Zr  =  1/cop.  Transmitting 
End  Grounded;  Zt  =  0. — By  (70),  the  determinantal  ('(juation 
for  this  case  is 

■^(p)  =   t-  sinh  KJ  -\-  j^-    cosh  Kl  =  0, 
A  CoP 

or 

tanh  Kl  =  -^^     =  -  ^1,-  (87) 

Put  Kl  =  jj   as  in  the  previous  case,  and  wo  have 

tan  .r  =  ,,  (88) 

(  n  .r 

The  roots  of  this  eciuation  arc  oljtaincd  in  the  same  way  as  in  tlie 
previous  case;  plotting  tlic  two  curves 

y\  =  tan  x, 

CI  I 
y-  =  r  J 

(  0  a; 

the  intersecting  points  of  these  curves  giving  the  \;ihics  of  .r 
required.     The  value  of  dZ{p)  0/)  is  reachiy  obtained,  thus: 

p  TT-  =„/"COsh  A/ —  _  „,sinh  A/ +.-  _  sinli7v/ —  .,  coshAi 
^    dp        2  2  A(  2  (  ,7;  ( op 

=  ^Rl  cos  x  —  „       sin  .r  +  .,  sin  x  -\-        .,  cos  j.  (89) 

^  Z    .1*  ^  (  (iX  (  oJ' 
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Substituting  in  (89)  the  values  of  I/Cqx  =  tan  x/Cl  by  (87),  and  it 
simplifies  to  the  following: 


P 


dZjp) 
dp 


=  Iri(   1      ■  '^°  ^ 


2     \cos  X 


+ 


)■ 


(90) 


For  p  =  0,  Z(p)  =  CO  no  steady-state  component,  since  there  is  a 
condenser  in  series  with  the  cable.  Substituting  in  the  expansion 
formula,  we  obtain  the  solution  for  the  current  at  the  receiving 
end, 


2E^ 


It   =    „,       > 


rRci'^ 


Rl  ,^L^    1  sin  X 


(91) 


cos  X 


the  summation  to  extend  for  all  values  of  x,  the  roots  of  the 
equation  (88). 

Condenser  at  Transmitting  End;  Zt  =  1/ctp.     Receiving  End 
Grounded;  Zr  =  0. — The  determinantal  equation  by  (77)  is 

D  1 

Zip)  =  -^r  sinh  Kl  +  >-,     cosh  Kl  =  0 
K  Ctp 


or 


tanh  Kl  = 


K 


CI 


(92) 


RCtp  CtKl 

This  is  exactly  the  same  form  as  (87),  and,  hence,  the  solution 
for  this  problem  is  the  same  as  in  the  preceding  case,  except  that 
1/co  is  replaced  by  l/c(. 

Condensers  at  Transmitting  and  Receiving  Ends  Zt  =  1/ctp; 
Zr  =  1/Crp. — Substituting  these  values  of  Zi  and  Zr  in  the  determi- 
nantal equation  (77),  we  have 


I 


E 


Fig.  21. 


Zip) 


< 


+ 


^      ^  )  sinh  Kl  -f-  (  7^+7^  )  cosh  Kl  =  0,  (93) 


CrCtp'R/ 


\CrP~^CcpJ 


92 
or 


HEAVISIDKS  ELECTRICAL  CIRCUIT  THEORY 


tanh  Kl  =  — 


— +^ 

CrP  CtP 


R 


+ 


K 


(94) 


K   '   CrC,p2  R 

Introducing  the  value  oi  p  =  K^/RC,  the  above  transforms  to  the 
following : 


tanh  Kl  =  — 


RC 
K'- 


{Cr  +  G) 


R  R^' 

RCPjCr    +    Ct) 

R^CH* 

RKPCrCt   +   ~j5Jn2 


(95) 


Put  A'  =  jx,  and  we  get 


j  tan  X 


RCHCr  +  CO 


i^z(ia:C.C.  +  ^'j') 


tan  X  =  — 


Cf(C.  +  CO 


1 


jC.C,  -  "C2Z2 
a; 


C.  +  Ct 
CI 

_  r 


CrCt 


(96) 


The  roots  of  the  equation  can  be  obtained  by  graphical  method 
if  the  ratios  Cr/Cl  and  Ct/Cl  are  known;  plotting  the  curves 


yi  =  tan  x, 

Cr-]-Cc 


2/2   = 


a 


CrC, 


(91 


_  1 

■^  C-P        X 

the  intersecting  points  giving  the  values  of  j-  which  arc  the  roots 
of  etiuation  (95). 

Differentiating  (93)  with  respect  to  /;,  we  get 

2        A'^ 


aA    ,      111  dK  i.        "  »    •   1    I', 


dZip)  _  ( _R 
dp         V     A^ 

-  Xc.  +  c)  ^«^ 


,./■)(  A7) 
II  A/    _  - 
dp 


cosh  A/. 
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Introducing  the  values  p  =  K^/RC  and  dK/dp  =  RC/2K,  the 
above  reduces  to  the  following: 


P 


dZjp) 
dp 


=  Rl\- 


2KI 


3  CH^     1  CI  /  1 

2  CrCt  KH^       2Kl\Cr  "^  C 


^)l" 


sinh  Kl 


Substituting  Kl  =  jx,  we  get 


+ 


1  CH^  1       CZ 


\a 


+ 


sin  X 


cos  a; 


(98) 


Introducing  these  values  in  the  expansion  formula,  we  obtain 
the  complete  solution  for  the  current  at  the  receiving  end. 


E 


'"■       Rl^ 


1       3CTJ^ 
2x^2CrCtx'^^' 


1       1  CH-'  1        CI 


\Cr 


+ 


Sin  X 
C 


cos  X  (99) 


the  summation  to  extend  for  the  values  of  x,  the  roots  of  equation 
(96). 

When  the  transmitting  end  is  grounded,  1/Ct  =  0,  equation 
(99)  reduces  to  that  of  (91),  which  is  readily  seen  on  comparing 
(98)  with  that  of  (89). 


CHAPTER  V 
TRANSMISSION  LINES 

Circuits  of  Distributed  Inductances,  Capacity,  Resistance,  and 
Leakage. — In  the  preceding  chapter,  the  discussion  was  confined 
to  problems  relating  to  ideal  cables,  negligible  inductance,  and 
leakage.  We  shall  take  up  here  the  more  general  problem  in 
which  all  the  electrical  constants  of  cable  or  line,  that  is,  R,  L,  C, 
g  are  taken  into  account. 

The  relations  between  voltage  and  current  at  any  point  on  the 
line  arc  given  by  the  following  equations: 

dV  1 

(Lr  +  R)i.  =  -  ,^ 

di 


(Cv-hg)V  =  - 


dx 


(1) 


From  these  we  derive  the  equation  of  propagation 


(Lp  +  mCp  +  g)V  = 


dx" 


Put  for  brevity, 

A'2  =  (Lp  +  R){.g  +  Cp), 

and  use  the  following  notation: 

K    -   n-     ^      =h 

2L         '  2C        ' 

p  =  a  -\-  h;  <T  =  a  —  h. 


Wc  have,  then, 


A'^  =  \(/;  +  2a){p  +  26). 
v 


(2) 
(3) 

(4) 

(5) 

(C)) 


The  solution  of  equation  (1)  is 

The  expression  for  Ihc  current  is  readily  obtained  from  (6)  by 
Ihe  aid  of  (Mthcr  ('(piation  (1),  thus: 

A' 
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(7) 
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and  with  the  notation  given  by  (4), 


Lv\p  +  2a 

A  and  B  are  to  be  determined  from  the  terminal  conditions  in 
any  given  problem. 


INFINITE  LINE 

We  shall  consider  first  the  case  of  an  infinite  hne,  and  a  constant 
voltage  E  is  applied  at  a:  =  0.  A  and  B  are  readily  determined 
as  follows: 

A  =  0  and  B  =  E. 
Hence, 


i  =  ^  J?^±|-^-.  (9) 


Lv\p  +  2a 

This  is  a  symbolic  solution  involving  the  differential  operator 
p  from  which  the  real  solution  is  to  be  developed.  For  x  =  0, 
the  current  at  the  transmitting  end  is  given  by 


The  operand,  in  this  case,  is  unity-time  function.  Henceforth, 
the  unity  factor  will  be  omitted  from  the  equations,  and  if  no 
other  operand,  unity-time  function  will  be  imphed. 

To  start  with,  we  shall  simplify  the  problem  by  neglecting  the 
leakage,  g  —  0,  b  =  0,  and  equation  (10)  reduces  to 


'/)  +  2a 
Now, 

^^  \p  +  2aJ  '     '   \p-{-2aJ 

and  e°*anay  be  shifted  to  the  right,  provided  we  change  simul- 
taneousW  p  to  p  —  a  (see  p.  9),  which  makes 


\p  +  2a)  \p  +  a) 
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the  operand  changed  from  unity  to  e"'.  \\'e  have,  however, 
shown  previously  that  e"'  =  — ^ — '  and  making  this  substitu- 
tion, we  get 


/  P         Y    =    ,-JP    -    «Y'"        V  =   ,-at P^ 

\p  +  2a/  \p  -\-  aj    p  -  a  (p^  -  o 


I 

aA^'    (12) 


The  operand  is  again  unity.     Expanding  (12)  by  the  binomial 
theorem  gives 

-at         1  __„[!«''        1-3  g^      l-3-5a^  I 


i'-f) 


2\>^  '  2p2      2^-2\p*  '   2^-3!p 


operating  on  unity  by  each  of  the  bracket  terms  involves  suc- 
cessive integrations,  that  is,  1/p"  =  t"/n\. 
Hence, 

1  J.    ,   «'^'   ,     a'^'    ^       a'^'      ^  I  /I.N 

'-"' -^  =  '-'"   l  +  -2^  +  2^.4^+2^.4^.(>^+   •  ■  •    -(14) 


(■  - ;:) 


The  bracket  term  in  the  above  expression  is  the  expansion  of  t  he 
Bessel  function  of  zero  order,  lo(at),  and,  therefore, 

^-"'t ^--W^4  =  ^-"'^o(«0.  (15) 


(■  - ;;) ' 


Substituting  the  values  from  (15)  in  (11),  we  finally  obtain  the 
expression  for  llie  eurrenl  at  the  transmit  ting  end  of  the  Hne. 

to  =  ft-^'IM).  (16) 

A  short  table  of  the  values  of  /(((a/)  for  arguments  from  0  to  (> 
is  given  on  page  164. 

For  large  values  of  the  argument,  llie  function  approaches  the 
value  given  by 
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For  negligible  inductance,  a  is  infinitely  large,  the  above  relation 
holds  true,  and,  on  substitution  in  (16),  we  get 


^0  =  y- 


E       1  E  VLC 


On  comparing  this  with  equation  (7),  Chap.  IV,  the  expression 
for  the  transmission  current  in  a  non-inductive  cable,  we  obtain 
the  relation 

^p'  =  ^/ 

which  yields  an  additional  proof  of  the  validity  of  the  operation 
of  the  fractional  derivative,  which  was  made  use  of  extensively 
in  the  preceding  chapter. 

In  passing,  it  may  be  observed  that  we  have  incidentally 
established  the  equivalence  of  the  following  operations,  all 
leading  on  development  to  a  series  which  is  the  zero  Bessel 
function,  namely: 


ij  \p  +  a/ 


p  +  2a/  \p  +  a/  (7)2  -  a^)^ 

1 


(■  -  ?) 


=  h(at).      (18) 


Leakage    Included,    Applied    Voltage  Varying    as     e-p'. — In 
the  more  general  case  including  leakage,  we  have,  by  (10). 


''  ~  Lv\v  +  2a 


E    iv+p-r  (19) 


~  Lv\ 


p   -\-  p   -\-  (T 

This  may  be  transformed  by  multiplying  by  e-^V,  shifting  e^  to 
the  right,  and  changing  p  io  p  —  p,  which  would  give 


E      .    \p  -c 
Lv        \p  -f-  <T 


(20) 
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If  we  should  take  the  appHed  voltage  to  vary  as  e""',  the  operand 
would  be  changed  to  unity  and  the  above  reduce  to 

E       ,/p  - 
Lv        \p  -\-  a 


=   f  e-'l  1 
Lv 


;)('  -  ;T'' 


By  (18), 


hence, 


i}-$r^' 


=  hWO, 


To  obtain  the  complete  solution  requires  operating  by  1/p  on 
Io{<Tt),  that  is,  integrating  from  0  to  t.  If  we  use  the  expanded 
form  of  hiat)  given  by  (14),  the  terms  of  which  are  readily 
integrated,  we  obtain  the  following: 


E 

iii  =  y-e-"'      Io(<Tt) 
Lv 


yP  1^3a^/^ 

"^  "^2"- 3!  ^2 -4 -5'. 


(22) 


For  t  =  0,  the  initial  current  is  E/Lv,  and  the  final  current  is 
zero,  obviously,  because  the  voltage  falls  to  zero. 

All  Electrical  Constants,  L,  R,  C,  g  Active ;  Steady  Voltage.— 
To  derive  the  expression  for  the  initial  current  in  a  line,  all 
electrical  constants  active,  under  the  application  of  a  steady 
voltage,  we  proceed  in  the  following  manner: 


lo 


E  (p+_2by- 

Lv  \p  +  2a/ 


^ (p  +  26)     _ 

Lv(p-{-2b)^{p  -\-'2a)^' 


E       ^' 
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The  development  of  p/{(p  +  pY  —  o--}^^  is  readily  obtained  by 
transforming  it  to  one  of  the  known  forms  given  by  (18),  thus: 


\{p  +  py-a'\y-  \{p  +  py-c^y-      [p'^-c^V 

p  —  p  p        _         e~p'p 


=  e-"' 


2  \     2 


^  =  e-p^IM)-     (24) 


Introducing  this  in  (23),  we  obtain 

The  initial  current  due  to  a  steady  voltage  is  thus  expressed  in 
terms  of  a  known  function  and  its  time  integral,  meaning,  of 
course,  integration  from  0  to  t.  Heaviside  indicated  several 
methods  for  effecting  this  integration,  all  leading,  of  course,  to 
the  same  result.  Shifting  e""'  to  the  left  by  changing  p  to 
p  —  p,  we  may  write: 

K-''*IM)   =  '-''— ^-    h{at)   =  '~'' -^hict)-  (26) 

P  P     P  -  P  P    P  _   I 

P 

Expand and  use  the  expanded  form  of  L\{(Tt);  we  get 

^  -  1 

P 

^7.,(.o  =  (^  +  '':  +  <+■•  • 
p  - 1       \p   p-  p 

\    ^  22   ^  22  •  42  ^  2^  •  42  •  6*- 
This  is  integrable  by  sight,  giving  the  following  result: 


^j        -h(at)  =  pt\^l  -\-  -,^+  22-y^2  ^ 


X 

\2  ^  2=  ■  3  •  4  ^  2'4'  ■  5  ■  6  / 


+  pHH  ,  +  ^ 


^^^2-3^22-3-4-5^22-42-5-6-7^ 

+ 

=  u(t),  say.    (27) 
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The  law  of  formation  is  obvious,  every  bracket  term  being  the 
integral  of  the  preceding  bracket  term.     Hence, 

^-'"/oCcrO  =  ^VO.  (28) 

V  P 

Combining  this  with  (25),  we  obtain  the  completely  developed 
expression  for  the  initial  current 

which  may  be  put  in  this  form : 

U=^\hiat)  +  {\-\{t)\-  (29) 

Lv     [  \        P/         \ 

For  g  =  0,  (7  =  p  =  a,  and  the  above  reduces  to  (16). 

The  Current  at  Any  Point  Distant  x  from  the  Transmitting 
End. — To  obtain  the  expression  for  the  current  for  any  point  on 
the  line,  it  is  necessary  to  operate  on  either  of  the  expressions 
obtained  above  for  the  transmitting  end  current  by  the  operator 

NON-DISSIPATING  LINE 

We  shall  first  take  the  case  of  a  non-dissipating  line  free  from 
energy  losses;  R  =  0  and  g  =  0.  The  transmitting  end  current 
is  given  by 

E 
Lv 

If  E  is  constant,  the  current  jumps  to  its  full  value  E/Lv  and 
travels  on  with  the  velocity  v  reaching  any  point  distance  x  at 
time  t  =  x/v.  The  current  jumps  to  its  steady  value  at  any 
point  distance  x  at  time  t  =  x/v.     For  E  =  f{t);  to  =  f{t),  and 

i.  =  pi-'^^m.  (30) 

Expanding  c"'"',  remembering  that  for  R  =  g  =  0;  K  =  p\/LC  = 
p/v. 

If  we  compare  tliis  witli  Taylor's  series 
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we  see  that  they  are  equivalent,  and  we  may,  therefore,  write 


-<-.=)■ 


(32) 


Whatever  the  character  of  the  current  at  the  origin,  it  travels 
at  a  speed  v  without  any  change  whatever.  This  is  also  true  of 
the  voltage  on  the  line;  if  the  voltage  at  the  transmitting  end  is 
Ef{t),  the  voltage  at  x  is  Ef(t  —  x/v). 

DISTORTIONLESS  LINE 

When  the  electrical  constants  of  the  hne  are  all  active  but 
related  to  satisfy  the  condition 

L       G 

the  line  is  said  to  be  distortionless;  that  is,  any  current  or  voltage 
wave  impressed  on  the  line  is  propagated  at  the  speed  v  without 
any  deformation;  the  waves  suffer  uniform  attenuation  in  their 
transit  on  the  line  but  no  change  in  form.  For  this  condition, 
a  =  6,  and  by  (9)  and  (5), 


and 


Z  =  ^(?)  +  2a). 


If 

^0  =  Em, 


«x  =  ^e     V     e    V    f{t). 


and  the  operation  to  be  performed  is  the  same  as  (30) ;  hence, 

■(■  -  '.)■ 


Similarly, 
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Since  the  time  of  transit  for  the  waves  to  reach  any  point  x 
is  t  =  x/v,  we  may  write  the  above  equations  in  this  form : 


^e-/f/-^ 


£•. 


Lv 
Ee 


"f(t 


(33) 


The  current  and  voltage  are  in  the  same  phase  and  in  constant 
ratio  for  all  points  on  the  Une. 

This  may,  perhaps,  seem  a  little  clearer  by  considering  the 
steady-state  condition  for  appHed  alternating  voltages.  If  the 
frequency  of  the  impressed  voltage  is  aj/27r,  the  steady-state 
solution  for  the  voltage  and  current  on  the  hne  is  readilj^  obtained 
by  replacing  p  by  joi  in  equations  (5),  (6),  and  (9).     We  get,  then, 

A^-  =   \{j<^-\-2a)iJc^-\-2b), 

V 


-\-  26 


\3<ji  +  2a 
For   the   distortionless   condition,   a  ■- 


J),   tlie   above   reduce   1o 


A'  =  ^(jco  +  2a), 


2a 


V  =  Ee 

E  _.2ax 

Lv 


The  real  parts  of  the  above  equations  give 

2fi 


V  =  Ee 
•        J? 

Lv 


COS  O)    I   — 


I  = 


•2a 

e     f  ^  cos 


(34) 


The  waves  travel  along  the  line  at  the  speed  v  and  are  attenu- 
ated  at  the  rate  e"'-^"'.     Since  t  —      is  the  same  for  all  points 

V 

on  the  hne,  there  is  no  change  in  phase  in  tlie  waves  as  they  travel 
on  the  line.  The  waves  retain  tlie  s;uiu>  form  though  they  are 
diminished  in  size  as  they  travel  along  the  Hne.  The  attenuation 
of  the  waves,  in  this  case,  is  independent  of  frecjuency.     Hence, 
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any  complex  wave  will  travel  on  the  line  without  any  deformation; 
the  waves  arriving  at  the  receiving  end  may  be  reduced  in  size, 
but  otherwise  a  fair  copy  of  that  sent  out  at  the  sending  end. 

Inductance,  Capacity,  and  Resistance  Active. — The  current  at 
the  transmitting  end  is,  by  (16), 


E 


lo  = 


— at 


and 


For  this  case, 


Lv 

Lv 


Io{at), 


e-^^e-^^hiat). 


(16) 
(35) 


A'  =  ^  Vp-  +  2ap  =  ^-V(p  +  a)-  -  a\ 

V  V 

By  shifting  e~"'  to  the  left,  and  compensating  for  it  by  changing 
p  to  29  —  a,  a  process  explained  before,  equation  (35)  is  trans- 
formed to  this: 


ix  =  j-€  "U    v^  '^       loiat). 


(36) 


Expanding  the  exponential  factor,  and  rearranging,  the  equation 
takes  this  form 


1        = f.     "' 


x^  (p^  —  a^)       X*  (p^  —  a})' 
^    I    TT9"        rTi         ~r  71        71         ~r 


^2 


2! 


v^ 


4! 


(37) 


-a?)       x^  (p^  -  a")' 
3!         '^  v'        5!        "^ 


_(p2  -aWhiat). 


We  have,  however,  by  (18), 


V 


-— -^1  =  /u(aO, 


(p2  -  a^) 


and 


(p2  -  aT'hiat)  =  pi  =  0, 

that  is,  operating  by  the  second  bracket  term  on  Io(at)  produces 
zero  result  and  can  be  thereafter  neglected.  It  remains  therefore 
only  to  evaluate  the  first  bracket  term  in  (37)  in  its  operation  on 
lo(at),  that  is. 


E     , 

n       —    , — at 

Lv 


^  (p^  —  a^)       X*  (p2  —  a^y 
"•"  y2       2!         *"  V*       4!  ^ 


loiat).  (38) 
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The  Bessel  function  satisfies  the  differential  equation 


and 


^|,  loiat)  +  j  ^^h{at)  -  a'hiat)  =  0, 


(p2  -  a-)h{at)  =   --h{at)  = ^^— • 


More  generally,  the  function  satisfies  the  relation 
.7„(a0  (2m  +  1)  Im{at) 


ip'  -  a^y 


{aty 


t 


{aty 


Hence,  the  following: 


(39) 


=  -(2>n  +  l)a^^^    (400 


{p^-a')h{at)  =  -^^h{at)  =  -a'^-^ 

(,/  -  a^yioiat)  =-{p^-  a^)a^^-^  =  Sa^^^ 

{p^  -  a^hiat)  =  -  3  •  5{p^  -  a^)a'^^^^^  =  3  •  5  •  7a^^*^^^ 


(41) 


Introducing  these  values  in  (38),  wc  obtain 

.    _    E  _  Aj  ,  a'x^  1  hjat)        a*x'     1     hiat) 

u-jj      Y^W         ^,2     at     "^    6*   2-4TaT)"^ 


a^x*       1       Iziat) 


+ 


(42) 


v^    2  •  4  •  6  {aty 
The    bracket    term    of    above    equation    is    tlie    ecjuivalent    of 


/o    -{vH~  —  /'Y'    .     This   identity    can   readily   be  established 

by  putting  both  expressions  in  series  form,  arranging  and  com- 
paring terms  in  the  series  of  powers  of  x'-.  We  thus  arrive  at  the 
following  expression  for  the  current  at  any  point  on  the  line: 

A' 


Ix   = 


Lv 


7o     {vH-  -  x-y^ 

\v 


(43) 


•  Spo  note  on  Hossel  functions,  in  appendix. 


TRANSMISSION  LINES  105 

Comparing  with  (16),  we  see  that  vt  is  turned  into  {v'-f  —  x^y^ 

in  the  7o  function. 

At  the  time  t,  the  region  occupied  by  the  current  extends 

only  to  the  distance  vt  from  origin.     Beyond  this  distance,  the 

current  is  zero.     Equation  (41),  therefore,  expresses  a  wave  whose 

front  travels  at  speed  v.     At  the  wave  front,   the  current  is 
pi 

•^— e~"'.     Since   the  function  has  been  tabulated,   the  shape  of 
Lv 

the  current  curve  along  x,  at  successive  moments  of  time,  can  be 

readily  calculated. 

For  a  non-inductive  cable,  L  =  0,  the  argument  of  the  function 

in  (43)  approaches  infinity  as  L  approaches  zero  value,  and  the 

value  of  the  h  function  is  given  by 

a  Yi 


'  '27r^(y2^2    _  ^2)H 


V 


■\/2irat 
Introducing  this  value  in  (43)  gives 


E     €     2^"  Ee        4t 

Iz    = 


Lv  ^2wat  lirRt 

C 


/ttJ 


the  same  expression  that  was  obtained  for  this  case  by  direct 
development  (see  formuhi  (15),  Chap.  IV). 

DERIVATION  OF  VOLTAGE  WAVE 

The  formula  for  the  voltage  can  be  obtained  from  the  current 
formula  by  the  relation  between  current  and  voltage,  which  is 

-^  =  («  +  Lp)i, 

=  L{p  +  2a)i, 

=  ~(p  +  2a)e-'Io\%r-  -  x^-yA'  (44) 

V  \v 
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Shifting  €  "'  to  the  left,  changing  p  to  p  —  a,  we  have 


ax        y  y 


(45) 


The  voltage  is  the  negative  of  the  x  integral  of  the  right-hand 
member  of  the  above  equation.  The  integration  can  be  readily 
effected,    using   the    bracket   term    of    (42),    the   equivalent   of 


/o      {vH-  —  x^)'-    ,  which  gives  the  following: 

\v  \ 


^-'(>+0|t^"(-)-(vJ 


2Z-  at 


+ 


(ax 


(46) 


We  must  add  to  this  a  constant  of  integration  to  satisfy  the 
condition  V  =  E  when  x  =  0.  Since  the  above  makes  ]'  vanish 
at  the  origin,  the  constant  of  integration  is  obviously  E.     Hence, 


V  =  Ee-"' 


1  + 


P 


loiat)  - 


faxV  7, 
{T)  2  • 


(at) 
Sat  "•" 


V  )  2  •  4  •  5laty 


(47) 


The  complete  development  of  the  solution  for  T'  involves  one  time 
differentiation.     We  have,  by  (40), 


that  is, 


Imjat)  _       Im+\{at) 
^  (at)'"   ~  '^'\at)'"+'' 

ph{at)  =  aliiat), 

p-^  =  a-  -    ' 
at  at 

hial)  ^    I, (at) 

^'{aty-      ""  {aty' 


Introducing    these    valu(>s    in    (47),    we    obtain    the    complete 
developed  solution  for  V  as  follows: 


F  =  Z^e-U"'-^(/o+/0+     7^,.3.,, 


h  +  h 
V  I  2  •  4  •  5{aty 


CO 


+ 


(48) 


The  argument  of  all  the  /  functions  is  at. 


V 

^2 
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Another  way  of  deriving  the  expression  for  the  voltage  is  to 
work  direct  without  any  regard  to  the  developed  current  formula 
from  which  (48)  was  derived.     The  voltage  on  the  line  is  given  by 

K  =  VLCp^  +  RCp  =  IVp^  +  2ap, 
=  -a/(p  +  aV  —  a^ 

V 

We  may  put 

Shifting  e°'  to  the  right  by  changing  p  to  p  —  a,  the  above 
transforms  to 

^e-'"e~^"'""'^''^%«^  (49) 

Expanding  the  exponential  factor  €    "  ma  series,  we 

obtain 

E.  =  ^6-°'{l  -  ^(p2  -  a')y^  +  ^^,ip'  -  a')  - 

^,{p'  -  dT^  +   •  •  •   }  e"',      (50) 

operating  by  (p^  —  a^)  or  an  integral  power  of  (p^  —  a^)  on 
€°'  is  obviously  zero;  hence,  the  integral  powers  of  (p^  —  a^)  in 
the  above  expression  are  to  be  disregarded,  and  it  reduces  to 

E.  =  ^e-°'!  1  -  ""(l  +  ~(P'  -  a-) 


By  (16), 


+  ^4(P'  -  «')'  +  •  •  •  )(P'  -  «')^^  j^"'-      (51) 


\p  -\-  a/  p  -\-  a 

and 

(p2  _  ^2)He«'  =  (p  +  a)h{at). 

Therefore, 


^,(p=-oV+   ■  ■  ■  )/o(ao}-      (52) 
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The  results  produced  by  operating  by  (p-  —  a-)  or  integral  powers 
of  (p2  —  a^)  on  h  (ot)  are  given  by  (41),  and,  substituting  these 
values  in  (52),  we  obtain 


E,  =  Ee- 


x-y       l-,{ai)  \|    ,     . 

2i-5v*   (aty  '  '  )\    ^'''^^ 

which  is  the  same  as  (46),  and  developing  it  fully  will  give  again, 
of  course,  (48). 

When  all  the  electrical  constants,  including  leakage,  are  taken 
into  consideration,  and  steady  voltage  applied  at  the  origin,  the 
problem  is  much  more  difficult.  The  final  formulas  assume  a 
form  which  is  too  complex  for  interpretation,  either  physically  or 
numerically,  and  the  discussion  of  this  problem  is,  therefore, 
omitted  here.  Heavisidc  gives  the  complete  derivation  begin- 
ning on  page  .'^12,  vol.  2,  Electromagnetic  Theory. 

Applied  Voltage  Varying  as  «--'''. — A  special  case,  however,  of 

-f.t  -2bt 

some  interest  is  when  the  applied  voltage  vanes  as  e    '-    =  € 
In  this  case, 

V,-KX         l-ry     _1_     Oh 

-2bt 


.    ^  Ee^"'     pjh  2b  . 
^'         Lv   \p  +  2a 


-?V'(P+2aKP+26) 

=  Ee-"''"''     ' 


i€    "'«"■€ 


Shift  €<"  to  the  right  and  e-*"  to  the  left,  which  changes  p  to 
p  —  a  —  b,  and  the  above  transforms  to 


Ee-f*  --Vip +")(.?-') 


')    Ip  —  c 
\p  +  c' 
By  (1()))  we  have 


Lv 


(54) 


Hence, 


\P  +  J 


2x   =   -7  -«  /(i(<t/).  (55) 

This  is  exactly  the  same  form  as  (8(1),  for  whicii  the  developed 
solution  was  obtained,  and  can  be  applied  to  this  problem,  which 
gives 

u  =  ~~^hhvr--x^)'^\-  (56) 
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FINITE  LINES 

The  method  of  treatment  adopted  in  Chap.  IV  in  connection 
with  the  solution  of  problems  relating  to  cables  of  finite  length 
will  be  followed  here,  applying  the  expansion  theorem,  which  is 
simpler  than  the  direct  operational  process.  We  shall  first  con- 
sider the  case  of  free  hnes,  that  is,  either  grounded  or  open  at  the 
ends,  no  terminal  impedances,  in  which  complete  reflections  at 
the  ends  with  or  without  reversals  are  produced.  The  investiga- 
tion will  be  carried  through  for  two  cases :  steady  and  alternating 
voltage  applied  at  the  origin. 

Line  Open  at  Far  End,  and  Steady  Voltage  Applied  at  Origin. — 
The  voltage  and  current  at  any  point  on  the  Une  are  given  by  (6) 
and  (8), 

V  =  Ae^^  +  Be-^^, 

K  =  -(P  -\-2a)y^{p  +  2h)^. 

The  terminal  conditions  for  this  problem  are 

a;  =  0;  F  =  .&, 
X  =  I;  i   =0. 
Hence, 

A  +8  =  E 

-Ae""^  +  5c--^'  =  0. 
From  which  the  values  of  A  and  B  are  determined  as  follows: 


A  = 
B  = 


+  6- 

Ee^' 


Introducing  these  values  in  (57)  gives 
e'^'  -I-  e~^^ 


(58) 


Lv\v  +  2a)     1        e'^iJ^f-^i        J*  ^^^^ 
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Expressed  in  hyperbolic  functions, 

E  cosh  K{1  -  x) 


V  = 


cosh  Kl 


.  ^  E/p-^  2b\ 
^       Lv\p  +  2a/ 


^  sinh  K(l  -  x) 
cosh  Kl 


(60) 


The  expansion  theorem  can  be  apphed  to  either  T'  or  i;  but  it  is 
sufficient  to  develop  the  solution  for  one,  the  other  is  obtained 
from  the  circuital  relation  between  V  and  i.  We  shall  develop 
the  solution  for  V. 

The  determinantal  equation  is 


Z{p)  =  cosh  Kl  =  0. 


(61) 


Hence, 


and 


Kl 


.nir 


1,  3,  5 


p'K^  ^ip  +  2a)(p  +  26)  =  -^^7"- 
From  this,  the  values  of  p  are  readily  determined. 


Pn 

= 

-P    ±    J(72 
-P    ±   i/3n, 

— 

Pn 

n-TT-v 

a2. 

(62) 


Also, 


^)  =  sinh  A7^f  5 
dp  op 

sinh  X/,      ,      J2 


(63) 


Introducing  the  value  of  Kl  =  jmr/2,  and  the  value  of  p  as  given 
by  (02),  the  above  transforms  to 


dZipl 
dp 


.     nw     .-  I' 
sin        •  j^„-2 


=  ±j 


.     nir 
,.,    sin  9 

^"  =  ±2j'X --•  (64) 

.WTT  V-        nir 
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For  p  =  0, 

,    2Vab 

cosh L  ,     , 

„f  ^  V cosh  si  , 

^'P'-"  =  -  ^2Vub,,     ,  =  cosh  .y  -  .)•       («^' 

cosh (  i  —  a: ) 

V 

where,  for  brevity,  we  put  s  =  2'\/ah/v. 

Substituting    in    the    expansion-theorem    formula,    we    obtain 

the  developed  expression  for  the  voltage, 

T.        .      n  e-p'ei^'^"'  COS  ^(Z  -  x) 

E  cosh  s(l  —  xj    ,    ^>»r^  2r 

\   =  rri "  +  -E^ 


cosh  si  .^Li  .   .         ,    -^  s  2jl^  ^     .     mr 

nirv^  2 

^■g ,       ,    .     mrx 
E  cosh  s{l  —  x)    .    „      ,>sn  21 


+  ^--'2  +  2.7^.„r-.+  -L-    (66) 


cosh  si  ^J  +  2jZ2/j„(  _ p  +  y^„) 

The  complete  solution  must  include  all  terms  which  come  under 
the  double  sign  in  the  summation  term.     Hence, 

,.       E  cosh  sil  —  x)    ,   Etcv"      ,^S^      .     nirx 
^    =  cosh^^ +  -W-'~'2j''  ^^^  -^ 

cos  0nt  +  j  sin  ^nt     .    COS  i3„/  —  j  sin  /3„^ 


which  simplifies  to 

y  =  E_coshMJ^^^  _  ^-^^-pt^ 
cosh  sZ  P        .^LA 

nirX  '^ 
n  sin  -^  (p  sin  /3  J  +  /3„  cos  |S„0 

(07) 


This  is  the  complete  solution  for  the  voltage,  the  first  right- 
hand  term  giving  the  steady-state  condition,  which  theoretically 
obtains  only  after  an  infinite  time,  and  the  summation  term  giving 
the  transient  voltage  component,  the  summation  to  be  extended 
for  all  odd  integrals  from  1  to  <» ,  For  x  =  0,  the  summation 
term  is  zero,  and  the  first  right-hand  term  reduces  to  E,  as  it 
should. 


112  HE  AVI  SIDE'S  ELECTRICAL  CIRCUIT  THEORY 

The  expression  for  the  current  can  be  derived  from  (07)  by 
the  circuital  relation 


This  gives  f  ^ 

di        „  cosh  s  (I  —  x)        T^Try^'^       .    nrx 


]  gp  sin  /3nf  +  g/3n  cos  ^^t  _  ^,sin  /3n< 


and 


_  .  ^  gg  sinh  s(;  -  .)  ^  E^f.-"y,  cos 
.s  cosh  St  /  >^^ 


Jgfp  sin  /3„^  +  g^n  cos  /3„<       ^,sin  ^J  I    .^q. 

i     ^n(p^>r)        ^~^  v^^^^ 

which  is  the  complete  developed  expression  for  the  current; 
the  first  right-hand  term  is  the  steady-state  component,  and  the 
summation  term,  the  transient  component. 

For  fir  =  0,  negligible  leakage,  equation  (66)  reduces  to  (p  =  a, 
in  this  case) 

Line  Grounded  at  the  Far  End. — The  terminal  conditions  for 
this  case  arc 

a-  =  0;  T'  =  £;, 
a-  =  /;  r  =  0, 

which  give,  on  sulistitulion  in  (57), 

A  +  B  =  E, 
yle'^'  +  Ih-"'  =  0. 

From  these,  A  and  B  are  determined, 

B  =      ~- 
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Substituting  these  values  in  (57),  we  obtain  the  following  expres- 
sions for  the  voltage  and  current: 


V  =  E 


I 


E 


f.K{l-x)    _    ^-K(l-x)    I 
ZkI    ^—Kl  I 

4-  26\^f€^('-')  +  ^-K(i-T.)  j 


(v  4-  2b\ 

\V  +  2a/ 


,Kl    ,-Kl 


(70) 


Expressed  in  hyperbolic  functions, 
^sinhiiC(^  -  x) 


V  = 


sinh  Kl 


i  =   £'/p  +  26\^  coshX(Z 
Lvyp  +  2a/  sinh  . 


-_x) 
Kl 


(71) 


Applying  the  expansion  theorem  for  the  development  of  the 
solution  from  the  above  expressions,  as  in  the  preceding  case, 
we  have  here  the  determinant 


Hence, 
and 


Z(p)  =  sinh  Kl  =  0. 
Kl  =  jmr, 

K  =  V(p  +  2a)  (p  +  26)  =  j~> 

V  L 


(72) 


from  which  p  is  determined  as  follows: 


Vn  =  -p  ±  a/o-"  — 

=     -P    ±   j0n 


Also, 


dp  dp 

l\      ,     ,  cosh  Kl 

=  ,2  (p  +  p)  —Kr 


(73) 


For  p  =  0, 

Z{p\ 


sinh 


2aA6^ 


sinh  sZ 


.   ^  2\/a6,,         ,       sinh  s{l  -  x) 
smh (t  —  a:) 


(74) 


(75) 
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Substituting  these  values  from  (73),  (74),  and  (75),  in  the 
expansion  formula,  we  obtain  the  developed  solution  for  the 
voltage,  as  follows: 

j  sin  nwl  1—4  U-p^e^J^"' 


sinh  si  —I  +y^^(_^  +  _y^„)  ^  cos  («^)  j^ 

77    •   u    /7  N  •>  -.r—    w  Sin- j-ei^P"' 

i;  smh  s{l  —  X)        -r,v-         ,^^  L  ._,.. 

smh  si  i-  -'^±j/8n(-p  ±  J/3„) 

The  complete  solution  to  include  both  terms  which  come  under 
the  double  sign  in  the  summation  term  is 


E  sinh  s{l  —  a:)  _  Ettv^  _  t^^      ■    nirx  cos  0„t  +  j  sin  /3n< 


cos  /3„f  —  J  sin  /3n<  \ 

j^n(p   +  j^„)  ] 

which  simplifies  to 

^  £:  sinh  s{l  -  x)  _  2Evhr  _^^ 
sinh  si  l- 

n  sin  -^-  { p  sin  /3„<  +  /8„  cos  /3„/} 


/3„(p-  +  /?,!) 


(77) 


This  is  the  complete  solut-ion,  the  first  term  giving  the  steady- 
state  voltage,  and  the  summation  term,  the  transient  state,  the 
summation  to  extend  for  all  integral  values  of  n  from  0  to  00 . 
When  x  =  0,  the  above  reduces  to  V  =  E,  the  apphed  voltage 
at  the  origin. 

The  expression  for  the  current  is  obtained  from  the  voltage 
formula  by  the  circuital  relation 

-:;;=(.+cp)F, 

which  gives 

di        ri    sinh  s(l  —  x)       2Ev-        t^S^  rnrx 

dx  smh  si  I-  -^-J  I 

gp  sin  fint  +  g/3n  cos  /3„<  _      sin  0j\ 
/3„(p2  +  ^^)  ^       ^„ 
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and 

„    cosh  s(l—  x)       2Ev^      ."^v^         TiTX 

I  =  Eg H^ — ^ — -  —  —^—t-p^   >,  cos  -y- 

^        sinh  si  I  -^-J  I 

\  Up  sin  ^J  +  gPn  cos  P„t  sin  /3„/l 

For  fir  =  0,  (78)  and  (79)  reduce  to  the  following: 


V  =  e[i  ^  f) 


I' 


n  sin  -y-  { a  sin  jSJ  +  /3„  cos  ^J } 


(79) 


If  the  line  is  infinitely  long,  either  (69)  or  (80)  should  give  the 
same  result  as  (43),  which  was  obtained  by  direct  operational 
process  for  the  same  condition.  The  equivalence  of  the  formulas 
(43)  and  (80)  for  i  =  co  is  not  apparent,  but  it  can  be  shown  that 
(80)  transforms  into  (43),  which  we  shall  now  do.  The  sum- 
mation term  goes  by  steps  of  ir/l,  which  become  infinitely  small 
when  I  is  made  infinitely  great.     We  may  put,  therefore, 


-J  =  m;  J  =  dm;  I3m  =  ^/ — ,3 ^^  ^  \/mV  —  a-,   (81) 

and   the   summation   term  in  (80)  is  converted  into  a  definite 
integral,  that  is, 

.       2Ev'~C       ,  f "  sin/3«^ 

I  =  e""'         cos  nix  — - — dm.  (82) 

TT  Jo  Pvi 

Evaluation  of  the  integral, 

u  =         cos  mx  — -T—^dm,  (83) 

Jo  Pm 

^m  =  yJmH''-  —  a^. 

(3  is  a  function  of  a';  differentiating  sin  /3i//3  with  respect  to  /  and 
a-,  we  obtain 

d^    sin /3f        d  .,       1  sin /3i  ,„.. 

=  T^  cos  /3f  =  ^  — v^»  (84) 


dido?     /3  da?        "^        2      (5 
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that  is, 

d  sin  pt       1  C't  sin  0t 


da"     /3 
By  Taylor's  theorem, 


2J0 


.  ,^         f   sm  ^t 


(85) 


/(a2)  =  /(O)  +  ar(0)  +  2,/"(0)  +  •  •  • 

Considering  sin  /3<//3  as  a  function  of  a-,  and  remembering  that  for 
a  =  0,  i3  =  7nv,  we  get,  by  Taylor's  theorem,  replacing  the 
differentiations  by  successive  operations  of  t/2p  in  accordance 
with  (85),  the  following: 


sin  ^t  _  sin  wvt       a-t  sin  mvt 
/3  mv  2p      mv 

Substituting  this  in  (83),  we  get 

2 


a-i^  sin  mvt 
2]))  ^2\mv 


+ 


(80) 


u 


©■ 


1  +  "% 

^  ^  2/;  ^      2! 


+ 


.[ 


sm  invl ,  ,„„. 

cos ///x dm.      (8n 


The  integral  may  bo  put  in  tliis  form: 

J' "cos  mx  sin  mvt^     _\  C 
0  mv  2J0 


cos  mx  sin  wy< ,         1  T"'  1  sin  m{vt  +  x)  +  sin  m(vt—  x) } 


?«« 


We  know,  however,  that 


J^°°sin  mx  ,  ,  tt 
a/«  =  ±0' 
0        m  2 


dw. 


(88) 


having  positive  value  for  jc  positive  and  a  negative  value  for  .r 
negative.     Hence, 

J^"cos  mx  sin  ;»t;/ ,  tt,,    ,    ,.       't     ,  ^    ^ 
dm  =  ^(1  +  1)  =  o  when  t  <  vt, 
0             7nv                      4                     2 

=  ^(1  _  1)  =  0  when  X  >  vt,    (89) 
that  is,  the  operand  wiiich  is  tiie  integral  in  (S7j  is  zero  when 

X 

t  <     • 

V 
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If  we  use  the  operand  1  only  in  (87),  the  Hmits  of  integration 
must  be  from  x/v  to  t  instead  of  0  to  t.  We  finally  arrive  at  the 
following : 

V  V  V 

If  we  put  a\  t'  ~    2 )     ~  Vi  the  above  takes  the  form 

w^^d+^V^L.     y'     .... 

2y  j      ^  22  ^  22  -42  ^  22  •  42 .  62  ^ 

=i/"W=i/»!''(''-pTi-         <'" 

Substituting  the  value  of  u  from  (91),  which  is  the  value  of  the 
definite  integral,  in  (82),  we  arrive  at  the  expression  for  the 
current, 


.       2Ev 

I  = 


X         2y      [     \  V- / 


which  is  the  same  as  (43),  and  thus  estabhsh  the  equivalence  of 
the  result  obtained  by  two  different  processes — the  direct 
operational  process  and  the  apphcation  of  the  expansion  theorem. 

Terminal  Impedances. — If  the  effects  of  the  terminal  apparatus 
at  either  end  of  the  line  are  to  be  included  in  the  general  solution, 
the  problem  is  by  far  more  difficult.  It  is  only  in  special  cases 
that  it  is  at  all  possible  to  obtain  the  completely  developed  solu- 
tion by  the  application  of  the  expansion  theorem.  We  shall 
give  here  only  an  outline  of  the  problem  and  indicate  some  special 
cases  where  a  solution  is  possible. 

Consider  the  most  general  case:  a  line  of  length  /,  impedances 
Zi  and  Zr  connected  at  the  transmitting  and  receiving  ends, 
respectively.     The  solutions  of  the  differential  equations  given 


118 


HEAVISIDE'S  ELECTRICAL  CIRCUIT  THEORY 


by  (6)  and  (7)  are  perfectly  general  and  also  applicable  for  this 
case.     We  have 


where 


V  =  Ae"-  -\-  Be-''', 


t  = 


Lp  +  R 

K'  =  {Lp  +  R)(Cp  +  o) 


(93) 


(94) 


-  / 


Fig.  22. 

The  constants  A  and  B  are  to  be  determined  from  the  terminal 

conditions,  which,  in  this  case,  are 

when 


x  =  0]Vo  =  E  -  Z,H 

X  =  I',  V I  =  Zrii. 


(95) 


Introdiicinp;  the  values  of  Y x-o  and  ii_o  from  (93)  into  (95),  we 
get  the  following  two  equations: 

^  +  ^  =  ^-Lp>«(-'-^  +  ^^' 

Ai^'  +  Be-^'  =  Zrj^r-A-At'^'  +  Bt-x^). 
Lp  -\-  K 

Rearranging,  we  get 


(96) 
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Solving  for  A  and  B  gives  the  following: 


-E{  1- 
A  = 


V       Lp-hRj  

> 

(97) 


-e-^-0  +  (^.  +  ^Oi— ^(e'^'  +  e-^O 


B 


K^+ilfsV' 


1 + (ilfS)''"  -  '-"^ + ^^' + ^'V^(<" + -"^ 


Introducing  these  values  into  (93),  we  obtain  the  expressions 
for  V  and  i  as  follows: 

.     ""lv+rW^Lv+r)  \     Lv+R)  J 


(98) 


Expressed  in  hyperbolic  functions  as  follows: 

^  sinh  Kiji  -  x)  +  ^^;5p  cosh  A'(Z  -  x)  [ 

1      (99) 


I  = 


-—    { cosh  K{1  —  x)  +  Y — '-, — H  sinh  K(l  —  x) 

Lp  -\-  R[ Lp  -\-  R ^^ 


1  +  TF^f^T^Wo)  sinh  Kl  +  ^^"t    d(^'-  +  ^0  cosh  ZZ 


To  develop  the  complete  solution  from  the  above  equations  will 
necessitate  obtaining  the  roots  of  the  determinantal  equation 

_  .       Lp±R\f,    ,      ZrZtK''    \   ■  u  T'l  ^ 

Zip)  =  —^\[}  +  (^p  +  j^.)^  ^i  + 

^      (Zr  +  Z,)  cosh  A7  '  =  0,     (100) 


Lp-\-  R 
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which  for  most  combinations  of  Zt  and  Zr  is  nearly  impossible 
to  do.  In  some  special  cases,  however,  the  roots  of  this  equation 
can  be  determined,  which  makes  it  then  possible  to  apply  the 
expansion  formula  and  develop  the  solution. 

The  determinantal  equation  may  be  put  in  a  more  convenient 
form.     We  have,  for  x  =  0, 

K       I  Z  K  I 

E^ ; — ^  cosh  Kl  +  r — '-i~  r.  sinh  Kl 

Lp  +  R{  Lp  -\-  R  j 


?  = 


where 


(102) 


Z{p)  -  K      \.  ^     ZrK     .     ,    „,, 

Lp  -\-  R\         Lp  -{-  R  j 

_  \     K-  +  LpTfi  j  ^""^^  ^^  +  -^-  +  -^' 

1  +  ,  ^^fp  tanh  ii:^ 
Lp  +  it 

The  above  may  be  put  in  this  form : 

?L^I^  tai.h  Kl  +  Z. 
Z(p)  =  Z,+  =  0.  (103) 

1  +  /A  /     <=^"^^  ^^'^ 
R  +  L/; 

Consider  now  a  special  case:  Z,  =  0,  and  Z^  =  ?j/(Lp  +  A'); 
n  is  a  numerical  factor,  the  receiving  apparatus  consisting  of  a 
coil  whose  time  constant  is  L/R.  For  this  condition,  (103) 
reduces  to  the  following: 

{R  +  Lp)Q.  tanh  Kl  +  nlU 
Zip)  =  r^nKTianhia  "  ^^' 

(/^  +  Lp)/(^^^"^'^''+,/ 
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The  roots  of  the  equation  Z(p)  =  0,  (104),  are  given  by 

R-^Lp  =  0,\ 
tanh  Kl  +  r?A7  =  0.  |  ^^^^^ 

For  the  first  equation  (105),  we  have  the  soHtary  root 

P  =  -f  •  (106) 

The  roots  of  the  second  equation  (105)  can  be  obtained 
graphically.     Put 

Kl  =  jx. 

nKl  =  jnx, 
tanh  Kl  =  tanh  jx  =  —j  tan  x, 
and  the  second  equation  (105)  transforms  to 

nx  =  tan  x.  (107) 

The  intersecting  points  of  the  curves  iji  =  nx  and  ?/2  =  tan  x 
give  the  values  of  x  which  are  the  roots  of  (107).  From  the 
relation  Kl  =  jx,  the  values  of  p  corresponding  to  root  values  of 
X  are  readily  obtained. 

To  complete  the  solution,  it  remains  yet  to  obtain  expressions 

for  the  p       terms  of  the  expansion  formula. 

For  the  root  p  =  —R/L,  we  note  that  for  this  value  of  p, 
K  =  0.     Hence, 

tanh  Kl  =  0, 
and 

tanh  Kl  _ 
kl       ~    ' 
which  gives 

Z{p)  =  {R-\-  Lp)l{\  +  n). 
Therefore, 

p^P)  =  -^LZ(1  +  n)  =  Rl(l  +  n).  (108) 

For  the  other  roots,  we  have 

=  (R-\-  Lp)l  \  -—r^^,  +  nKl'' 


dp  V       '      A-/    [cosh^ii:?  J  dp 

{R-\-Lp)KP.^  ^  ,.j^j.dK  ._^_- 

This  gives  all  the  data  necessary  from  which  the  complete  solu- 
tion can  be  realized  by  the  application  of  the  expansion  formula. 


(110) 
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It  must  bo  rcmomhorod,  howovor,  that  to  get  the  solution  of 
either  the  current  or  voltage  at  any  point  distance  x  from  the 
transmitter,  each  of  the  summation  terms  in  the  expansion 
formula  are  to  be  multiplied  by  the  numerators  of  either  equation 
(101),  using  the  proper  root  values  of  p. 

Another   case   which    permits   of  a  similar  reduction  is  the 
following: 

Z,  =  n,{R  +  Lp)  +  n^{g  +  Cv)-\    1 
Zr  =  ns{R  +  Lp)  +  7H{g  +  Cp)-K   ] 

Ml,  n2,  na.  Hi  being  numerics.  That  is,  apparatus  at  either  end 
consisting  of  a  coil  and  a  condenser  in  series,  the  time  constant 
of  the  coil  being  L/R  and  that  of  the  condenser  C/g. 

By  (103),  wo  may  put  the  doterminantal  ociuation  in  this  form: 

^    ,    ZtZ.K   ,     ,    .„  .  R  -\-  Lp  .      ,    ,-,   ,    y 
Zi  +  r     -Hd  tanh  Kl  -\ j^—^  tanh  Kl  +  Zr 

Z(p)  = ^^^±^ y^ =  0.  (Ill) 

1  +  Lih  ^''"'^  ^' 
This  gives  the  relation 

tanh  Kl  _    —  (Z<  +  Z^) fll2) 

~  Kl       ~  ZMg  +  Cp)l  -\-{R+  Lp)l'  ^ 

Substituting  the  values  of  Z,  and  Z,  from  (111),  wo  get 

tanh  Kl  _  -(ni  +  n3)(R  +  Lp)  -  (na  +  n,){g  +  Cp)-'^ 

kI  [ 

(g  +  ('P)l    riiUaiR  +  Lp)-  +  iniHi  +  niih) 


(R  +  Lp\ 

\0  +  Cp/ 


niUi 


(g  +  Cp)' 

(m  +  ns)K-  -  (^2  -{-Hi) 


llniHiK*  +  (nin4  +  nans)^:^  +  712^14}  +  IK 


,     ,    ,,,  _  -:{(ni  -\-Ji.)K'  +  ('^2  +  'U)A'1 .j^^. 

tanh  At  -  ^_^_^^,,  _^  ^^^^^^^  _^  ^^^^^^  _^  ^^j^,  ^  ,^^,^^- 

The  roots  of  this  equation  are  readily  dctonniiuHl  by  grapiiic 
method,  plotting  the  curves 

?/,  =  tanh  A7,  1  ,^^.. 

7/,  =/(A7).  [ 

f{Kl)  is  the  right-hand  side  of  ociuation  (114),  the  intersecting 
points  of  the  two  sots  of  curves  giving  the  roots  of  the  equation. 
Once  it  is  possible  to  got  the  values  of  the  roots  of  the  dotermi- 
nantal equation,  the  solution  can  be  completely  developed  by 
the  application  of  the  expansion  fornmla. 


CHAPTER  VI 
ARTIFICIAL  LINES 

Artificial  lines  are  of  practical  importance  in  their  use  for 
balancing  telephone  lines  or  ocean  telegraph  cables  for  duplexing 
or  other  purposes.  They  also  find  application  in  the  study  of 
electrical  phenomena  connected  with  transmission  problems  on 
long  lines.  An  artificial  hne  closely  simulating  the  characteristics 
of  an  actual  Hne  permits  experimental  laboratory  study  of 
transmission-line  phenomena  which  would  be  otherwise  imprac- 
tical. It  is,  therefore,  of  some  importance  to  investigate  the 
problem  of  wave  propagation  on  artificial  fines  and  particularly 
in  the  matter  of  transients.  It  will  also  serve  our  purpose  in 
further  illustrating  the  utility  of  the  operational  method  and  the 
expansion  theorem  for  the  solution  of  a  difficult  and  important 
problem. 

An  artificial  Hne  is  essentially  a  circuit  structure  consisting  of  a 
large  number  of  recurrent  sections  of  series  and  shunt  impedances, 
the  series  impedance  of  each  section  representing  the  resistance  or 
resistance  and  inductive  reactance  of  unit  length  of  line,  while  the 
shunt  impedance  represents  the  capacity  reactance,  or  the 
capacity  and  leakage  combined,  of  unit  length  of  line.  In 
structure,  it  is  similar  to  the  filter  circuit  discussed  in  Chap.  Ill, 
and  the  basic  formulas  (4)  and  (11)  derived  there  apply  also  to 
the  artificial-Hne  problem.  The  fundamental  difference  is  in 
the  number  of  sections.  For  an  artificial  Hne  to  simulate  closely 
an  actual  line,  theoretically  the  number  of  sections  should  be 
infinite  in  number,  or,  at  least,  a  very  large  number.  In  the 
filter  circuit,  only  a  few  sections  are  sufficient  for  many  purposes. 

If  the  total  number  of  sections  is  n,  the  last  section  being  the 
7ith  section  and  the  first  section  designated  as  the  zero  section, 
then  for  any  intermediate  section,  say  the  5th  section,  we  have, 
by  (11)  and  (4),  Chap.  Ill, 

.    _    E  cosh  (n  —  q)y  /,  x 


Z2  sinh  7  sinh  ny, 
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and 


cosh  7  =  1  -f 


1  2l 


(2) 


These  are  the  general  formulas  applicable  for  any  type  of  arti- 
ficial line.  What  we  are  generally  concerned  with  most  is  to 
obtain  an  expression  for  either  the  input  current  or  the  output 
current,  that  is,  iu  and  ?'„. 

Artificial  Ocean  Cable. — Consider  the  case  of  an  artificial 
ocean  telegraph  cable,  negligible  inductance  and  leakage,  L  =  0, 
g  =  0.     In  this  case, 

2l  =  R, 

"'       Cp 


(3) 


7i 

— VW\A^ 
Jf 

R 

H 

£ 

p 

C- 

"     "- 

—           C- 

-       c- 

— 

Fiii.   T.\ 

If  we  assume  an  infinite  numhcr  of  sections,  n  =   qc  ,  then  cosh  «7 
=  sinh  /!7,  and  (1)  reduces  to,  for  the  input  current, 

E 


1o  = 


z%  sinh  7 


(4) 


By  (2), 


sinh  7  =  \/cosh-  7  —  1  = 


-    1 


and 


Zi  sinh  7  =  \/^l^o  -j-  14^2, 
Introducing  llic  values  of  ^i  and  z-i,  we  got 


Z'l 


sinh  T  =  ^/^,  +  \W- 


Hence, 


«o 


E 


^h^>~>i 


E 

1  + 


(5) 
(6) 

(7) 


RCp 
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The  complete  developed  solution  is  readily  derived  from  (7) 
by  direct  operational  process.  Put,  for  brevity,  h  =  i/Rc  and 
expand  the  denominator  in  a  series  of  inverse  powers  of  p,  thus: 

1  1         ^i_l^.l-3/i' 


1  •  3  •  5  h^ 


22   .  42   .  62  p3 


Remembering  that  operating  on  unity  function  gives  l/p„  = 
i"/n!,  we  have,  by  substitution, 

I  2     "^2-4  2!        2-4-6  3!   "''■"'' 


V 


1  + 
P 


which  may  be  put  in  this  form; 


I'^h  -^       {2)^  (2!A2/  (3!)^  \2;    +  ^^^ 

The  series  of  (8)  is  the  expanded  form  of  the  function  e~''/^^lQ{ht/2), 
which  can  be  readily  verified  by  using  the  series  for  the  two 
factors,  multiplying  and  combining  terms  of  the  same  powers 
of  ht/2,  and  comparing  with  the  corresponding  terms  in  (8). 
Hence, 


v 


1  +  ! 

V 


-  -'Kl')- 


(9) 


Introducing  this  value  in  (7)  gives  the  complete  solution  for  the 
current  in  the  first  section, 


2E  -^.tj 
lQ  =  -js^e    2/01 


_j' /2A 
'  ''\Rcr 


^l^'s^'M^)-  (10) 


If  the  number  of  sections  is  large,  the  resistance  and  capacity 
per  section  small,  the  product  RC  is  a  very  small  quantity.  For 
values  of  t,  therefore,  differing  appreciably  from  zero,  the  argu- 
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mont  2t/RC  of  the  Bcsscl  function  in  (lUJ  is  very  large,  and,  to  a 
high  degree  of  approximation,^ 

2< 


/„(4)  = 

\  RC 


/2t\  ^    €«^  (11) 

\RC)  l2Tr2t 


Substituting   the   value   from    (11)    in    (10),    it   reduces   to  the 
following: 

yjRc 

This  is  precisely  the  same  as  formula  (9),  Chap.  IV,  derived 
for  the  input  current  in  a  cable  of  uniform  distributed  resistance 
and  capacity.  This  condition  of  the  identity  of  the  character 
of  the  input  currents  in  a  uniform  cable  and  an  artificial  cable 
is  realized  only  theoretically  when  the  number  of  sections  in  the 
artificial  cable  is  infinitely  large.  Practically,  this  condition  is 
approximated  with  a  reasonably  large  number  of  sections. 

To  obtain  the  solution  for  the  output  current,  that  is,  the 
current  in  the  nth  section,  it  is  best  to  apply  the  expansion 
theorem. 

For  q  =  n,  (1)  reduces  to 

*■"  =  •  u  ^-  V, (^•'^) 

Z2  smh  7  smn  ny 

The  determinantal  ('({uation  is 

Z{p)  =  z-i  sinh  sinii  ny  =  0,  (14) 

which  gives 

"7  =  J^T^^  'H"l  y  =  J     •     (s  =  1  •  2  ■  3  •   •  •  (15) 

By  2, 

cosh  7  =  cos  ^  =   I  -\-   .h(  I), 
n  A 

which  determines  llic  values  of  />,  thus: 


^'  =  RC 


^(™<-) 


.     .    „   Stt 

4  sm-  .^- 

2/1 


RC 

'  Sec  uoto  on  H(\s.s(>l  functions. 


(10) 
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The  expression  for  —4"      is  readily  obtained, 


dZ(v)  •    1,  u         ^7 

— ~^  =  n  smn  y  cosh  ny  ^---  Q?) 

dp  dp  ^     ^ 

By  (15),  however,  we  have 

sinh  y^  =  IrC.  (18) 

dp        2 

Introducing  this  value  of  dZ(p)/dp  into  (17),  we  get 

— r-^  =  ^nz^RC  cosh  ny 
dp  2 

nR 

=  "2^  cos  (stt).  (19) 

For  p  =  0,  find  the  value  of  Zo  sinh  y  sinh  /^y  as  p  approaches  0. 
We  have 

coshy  =  1  +  ViRCp; 

as  p  approaches  0,  cosh  y  approaches  unity,  that  is,  y  is  very 
small.     Hence,  we  may  write, 

cosh  7  =  1  +  ^'  =  1  +  ^^RCp, 

and 

7-  =  RCp. 

Also,  for  very  small  values  of  7, 

sinh  7=7;  sinh  ny  =  ny 

We  have,  therefore,  as  p  approaches  zero, 

.    ,  .   ,  ny-       nRCp  „ 

Z'z  smh  7  smh  7/7  =  -77-  =      ,,        =  nit. 
Cp         Cp 

Hence, 

Z(p)p=o  =  nR.  (20) 

Introducing  the  values  of  p  and  dZ{p)/dp  from  (16),  (19),  and 
(20)  in  the  expansion  formula,  we  obtain  the  complete  developed 
solution  for  the  current  in  the  nth  section, 


In    = 


/I  sin-  sx\ 

A^E^^"—^.  (21) 

nR  ,^inR  cos  (stt)" 
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When  n  is  very  largo,  .s7r/2/i  small,  sin  sir/2n  =  STr/2n,  and  the 
above  reduces  to  the  following: 

71 R        nR^^j 

Comparing  this  with  formula  (27),  Chap.  IV,  derived  for  the 
current  in  a  uniform  cable,  which  is 


'  =  Ri^  m2j''''~r' 


RCli' 


we  note  that,  for  a:  =  Z,  that  is,  at  the  end  of  the  cable,  the  expression 
for  the  current  is  of  the  same  form  as  (22),  above.  If,  in  one 
case,  we  consider  Rl  and  CI  as  the  total  resistance  and  total 
capacity  of  the  cable  and,  in  the  artificial  cable,  Rn  and  Cn  as 
the  total  resistance  and  capacit}^,  then  the  two  formulas  are 
identical.  Formula  (22),  however,  was  arrived  at  on  the  assump- 
tion that  the  angle  sir/2n  is  sufficiently  small  to  permit  replacing 
the  sine  of  the  angle  by  the  angle  itself;  and  this  is  what  conditions 
the  equivalence  of  the  artificial  cable  to  a  uniform  cable.  The 
number  of  sections  must  be  sufficiently  large  so  that  the  sine  of 
the  angle  STr/2ii  has  practically  the  same  numerical  value  as 
the  angle  in  circular  measure. 

NON-DISSIPATING  ARTIFICIAL  LINE 

For  an  artificial  cable  of  negligible  resistance  and  leakage,  the 
series  and  shunt  elements  are 

2,   =Lp;z,  =^^-  (23) 

If  /;  is  large,  the  expression  for  Ihc  input  current  is  as  before, 

•     _         ^' 

Z'i  sinli  7 

Also, 

Z2  si  nil  7  =  y/ ZxZ'i  +  ,1  'xz\. 

Introducing  the  values  of  Z\  and  z-i  given  by  (28),  we  have,  for 
this  case. 


22  sin 


(24) 
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Hence, 

2E 

Expanding  the  denominator  of  (25),  we  obtain 

Bearing  in  mind  the  operational  relation  1/p"  =  f"/n!,  the  above 
transforms  to 

.    ^2E\        1  {4v')t^       VS  (if)H*  _  VS_^  (iv^)H^  } 

^°       Lp|         2     2!      "^2-4      4!  2-4-6     6!  | 

which  may  be  put  in  this  form : 

^  2^[      (2vty     (2vty      {2vty  \ 

°       Lp\  22     ~^  22-42      22 -42 -62  '^  "^ 

The  bracket  term  is  recognized  as  the  series  for  the  zero  Bessel 
function  and  may,  therefore,  be  put  in  the  following  convenient 
form : 

io  =  J—  Jo(2vt) 
Lp 

2F  r^ 

=  ^     Jo(2vt)dt.  (27) 

The  expression  for  the  current  is  given  in  the  form  of  a  definite 
integral  of  the  Bessel  function  of  the  zero  order. 

To  develop  the  solution  for  the  current  in  the  nth  section,  it  is 
best  to  apply  the  expansion  formula.  The  expression  for  the 
current  in  the  nth  section  is 

•    =  ^ 

Z2  sinh  sinh  ny 

The  determinantal  equation 

Z{p)  =  Z2  sinh  7  sinh  ny  =  0, 
gives 

sinh  ny  =  0, 
and 

ny  =  jsir;  y  =  j~-  (28) 


130  HEAVISIDE'S  ELECTRICAL  CIRCUIT  THEORY 

The  values  of  p  corresponding  to  these  values  of  y  are  obtained 
from  the  equation 

cosh  7  =  1+^- 

For  this  case, 

cosh  7  =  cos  {'^^\  =  1  +  ^^LCp\  (29) 


Hence, 

P  =  ±j 


^Zc{^  -  ^^^  'n) 


±  i2t;  sin  1^-  (30) 


The  expression  for  dZ{p)/dp  is  readily  obtained, 


By  (29) 
Hence, 


dZ{p)  .    .  ,         dy 

— r-^—  =  nzo  sinh  y  cosh  //7^   • 

dp  dp 


dy 
sinh  7—   =  LCp. 
dp 

— :r^  =  nzzLC  cosh  7iy 
dp 

=  tiL  cos  (stt).  (31) 


To  determine  the  value  of  Z(p)  for  /;  =  0,  take  its  value  as  p 
approaches  zero.     In  this  case, 


and 

also, 

Hence, 


cosh  7  =  1  +  ^"  =  1  +  IlCp', 


7-  =  LCp"; 

sinh  7  sinh  ny  =  iiy-  =  nLCp-. 

Z(p)p-o  =  z-itiLCp-  =  iiLp  =  0  for  p  =  0. 


This  would  indicate  an  infinite*  value  of  the  steady-current 
compon(>nt  for  applied  steady  voltage.  This  is  a  consecjuence 
of  the  fact  that  the  resistances  are  entirely  neglected.  In  actual 
practice,  of  course,  tiie  inevital)l(>  resistance  of  the  coils  would 
limit  the  magnitude  of  th(>  steady-current  component.  We 
need  not  concern  ourselves  with  it  here.     What  we  are  interested 
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in  mainly  is  to  obtain  the  solution  for  the  transient-current 
component. 

Introducing  the  values  of  p  and  dZ(p)/dp  from  (30)  and  (31) 
in  the  expansion  formula,  we  get 

^n  =  E2^ --^ (32) 

+  j  ^v  sin  ^  •  nL  cos  (stt) 

Taking  both  terms  under  the  double  sign  in  the  above  equation 
to  include  all  the  roots  of  the  determinantal  equation,  it  reduces 
to  the  following: 

•      (  ,    •     ^'^l 
sm     vt  sm  ^ 

4  =  Ey I ^"L.  (33) 

nLv  cos  (stt)  sm  »- 

Equation  (33)  gives  the  complete  solution  to  the  problem  of  the 
current  in  the  nth  section,  but  it  is  in  the  form  of  a  series  which 
is  not  very  convenient  for  numerical  calculations.  It  is  possible, 
however,  to  transform  the  solution  to  another  form,  that  of  a 
definite  integral  of  a  Bessel  function,  which  is  more  suitable  for 
computations. 

We  note  that  in  the  expansion  formula  each  term  of  the  summa- 
tion may  be  replaced  by  a  time  definite  integral  as  follows: 


Laz(p)         ^"'       dZjv)  dZip) 

^'  ^P   =  Vs  Ps-^P   =  Ps  Ps^P   =  Ps 


hence, 

^p.t  rt         ^p.t  2 

'^JWT        ^  IdZip)        "^^  +  ~dZ{f)  ^^^^ 

Introducing  the  values  of  ps  and  dZ(p)/dp  from  (30)  and  (31) 
into  the  second  right-hand  term  of  (34),  we  get 


dZ(p)  ,        J.  .       /_.    I      .        STT   U 

Pa — TT  —p  =  Ps       ±nL  cos  (sTr^2jvi  sm  ^^ 

dp    ^  ^    /  ./  -^        2n 

which   equals  to   zero,   taking   into   account    the   double   sign. 
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Hence, 


and  using  this  in  the  expansion  formula,  we  get 

\dZiv) 


Introducing  the  values  of  p«  and  dZ{p)/dp  from  (30)  and  (31) 
we  get 

Jy   ^J  iiL  cos  (stt) 

cos  (2yisin  ^) 

=  -t  r  "^        V  -  "^r/^  (36) 

nLj^  ^        cos  (stt) 

the  summation  extending  to  all  values  of  &■  frouL  o  to  n,  going  by 
steps  of  ir/n.     If  n  is  large,  the  summation  term  may  be  con- 
verted into  a  definite  integral,  thus: 
Put 

w~  =  e;  ^    =  dd;  STT  =  2nd, 

and  the  summation  term  becomes  a  definite  integral  whose  limits 
of  integration  are  0  and  ir/2,  also  multiplying  numerator  and 
denominator  by  cos  (stt)  and  remembering  that  cos-  (stt)  =  1 
for  all  values  of  s,  equation  (36)  transforms  into  the  following 
definite  integral: 


'^^Jojo 


-  cos  {2ne)  cos  {2vt  sin  d)<ld(l(.  (37) 


The  function  cos  {2vt  sin  9),  h()W(>vcr,  can  he  cxpaiKliMl  into  a 
Furier-Bessel  series,'  thus: 
H        ■'^s'{2vt  sin  d)  =  Jo{2vt)  -  2J2{2vt)  cos  26  +  2Ji{2v()  cos  46  + 

+  "  •  •  ■     (38) 

If  we  multiply  both  sides  of  (38)  by. cos  2nd  and  integrate  from  0 
to   7r/2,    each    term    on    the    right-hand   side   excej)t    the    tcM'm 

'  See  Gray  and  Mathews,  "Treatise  on  Bessol  Kunctions,"  p.  18. 
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Jini^vt)  COS  2nd  will  be  separately  zero.     Multiplying  the  term 
Jini^vt)  COS  2nd  by  cos  2nd,  and  integrating  from  0  to  7r/2,  gives 


J2n{2vt)  I     cos2  2n^d^  =  ^"(2y0 


r 


2n 


2ng 
2 


\ 


+  T  sin^w^ 


J2n{2vt). 


(39) 


We  arrive,  therefore,  at  the  conclusion  that 


I      cos  2n^  cos  (2z;f  sin  e)d0  =  ;,  J2n(2y0-    ■ 
Jo  4 


I 


Hence,  substituting  in  (37)  gives 


In    = 


i 


J2n{2vt)dt. 


(40) 


This  is  the  equivalent  of  (33),  expressed  in  an  entirely  different 
form,  the  integral  of  the  Bessel  function  of  the  2n  order.  The 
solution  for  the  current  in  the  zero  section  (27),  arrived  at  by 
direct  operational  process,  is  of  a  similar  form,  the  integral  of  the 
Bessel  function  of  the  zero  order. 

These  formulas  are  more  convenient  for  numerical  calculations. 
There  are  extensive  tables  of  the  Bessel  functions  obtainable, 
from  which  the  values  of  either  Jo(,2vt)  or  J2n{2vt)  for  different 
values  of  t  are  readily  obtained.  Hence,  in  using  these  formulas, 
curves  can  be  plotted,  the  Bessel  functions  as  the  ordinates  and 
t  as  the  abscissas  extending  from  0  to  any  desired  value  of  t,  and 
the  area  enclosed  by  these  curves  giving  the  integrals  of  these 
functions. 

DISTORTIONLESS  ARTIFICIAL  LINE 


A  brief  discussion  of  the  properties  and  characteristics  of  a 
distortionless  hne  is  given  in  Chap.  V.  It  is  shown  that  if  the 
electrical  constants  of  the  line  are  so  related  as  to  satisfy  the 
condition  R/L  =  g/C,  then  the  Hne  is  said  to  be  distortionless, 
that  is,  one  on  which  electromagnetic  waves  are  propagated 
without  deformation.  We  shall  consider  here  the  problem  of  an 
artificial  line  in  which  the  distortionless  condition  obtains,  that  is, 
one  in  which  each  series  element  consists  of  an  inductance  and 
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resistance,  and  each  shunt  element,  of  a  capacity  and  leakage  in 
parallel,  and  so  related  as  to  satisfy  the  condition 

R  ^  g 

L        C' 

If  we  put,  for  brevity, 


^-  =  ^  =  2a 


(41) 
(42) 


then  we  have 


z,  =  Lv  +  R  =  L{y  +  2a), 
1  1 

Z2    = 


(43) 
Cv  +  g  C(p  +  2a) 
It  may  be  observed  in  passing,  that  if  the  artificial  cable  closely 
simulates  a  uniform  cable,  which  is  realized  when  the  number  of 


Fig.  24. 

sections  is  large,  then  the  propagation  constant  7  should  be  the 
same  as  the  propagation  constant  of  a  uniform  line,  which  we 
designated  by  A'  in  Chap.  V, 

A'  =  V(Ap  +  R){Cv  +  g)- 

\\'hen  the  number  of  sections  is  large,  A,  C,  R,  g  per  section  are  very 
small,  and,  in  that  case,  from  the  relation 

cosh  y  =  l-\-ll'  =  l-\-l  (Lp  +  R)(Cp  +  g), 

Z  Zo  z 

it  is  evident  that  cosh  7  diflfers  from  unity  bj''  a  snuill  quantity: 
that  is,  7  is  very  small.     We  nuiy,  therefore,  put 

cosh  7  =  1  +  i<  7-'  =  1  +  JiiLp  +  R)ig  +  Cp), 

and 

7  =  V{Lp  +  i?)((7  +  C>), 
the  same  as  A'. 

We  shall  confine  the  discussion,  in  this  case,  to  the  d(M(>rmina- 
tion  of  the  current  in  the  /;th  section.  \\'(>  have  here,  as  in  tiic 
previous  case,  the  general  expression 


In    = 


E 


z-i  sinh  7  sinh  ^(7 
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The  determinantal  equation  is,  in  this  case,  also, 

sinh  ny  =  0, 
and 

.  STT 

ny  =  jsir;  j  =  j      ■ 
n 

The  values  of  p  corresponding  to  the  roots  of  the  determinantal 
equation  are  determined  from  the  relation 


cosh  7  =  1+2^^, 


which,  for  this  case,  gives 
Hence, 


Sir  1 

cosh  7  =  cos  —  =  1  +  ^LCip  +  2a)\  (44) 


p  =  -2a  ±  jvj2(\  -  cos  ^Y 


Sir 
=  —2a±  j2v  sin  ^-  (45) 


We  also  have  here 

— TT^  =  nz2  sinh  y  cosh  ny  ^   •  C46) 

dp  'dp  ' 

By  (44), 

sinhT^'^  =LC(p  + 2a) 

Introducing  this  value  in  (46),  we  get 

=  nz-J^C{p  +  2a)  cosh  ny 

=  nh  cos  (stt).  (47) 

For  p  =  0,  Z(p)p-_=o  =  ^2  sinh  7'  sinh  ny'  where  z.^  =  l/2Ca;  and 
7'  is  determined  from  the  relation 

cosh  7'  =  1  +  2LCa'. 

In  the  expansion  formula,  E/Z{p)p=o  gives  the  permanent- 
current  component.  This,  however,  is  not  of  any  particular 
interest  here.  What  concerns  us  chiefly  is  the  transient-current 
component.  This  is  given  in  accordance  with  the  expansion 
theorem  by 
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Substituting  the  values  of  p  and  dZ{p)/dp  from  (45)  and  (47) 
results  in  the  following: 


z„  =  ^e-^-'^ 


^±i(2.r8ia^;) 


nL  cos  (stt)    ±  j2v  sin  ^ 2a  i 


(48) 


Taking  both  terms  under  the  double  sign  to  include  all  the  roots 
of  the  determinant,  the  above  is  expanded  into 


nL 


cos 


cos 

-2- 


(2vt  sin  7^  ]  -\-  j  sin  (  2vt  sin  *     ) 
2/1/       •'  \ 2nJ_ 

( j2v  sin        —  2a  j  cos  (stt) 

(2vl  sin  <L    )  —  i  sin  (  2vt  sin  ^    ) 
2n/       -^        V  2n/ 


( j2i;  sin  „    +  2a  j  cos  (stt) 


(49) 


and  this  simplifies  to 


In    = 


2Et 


nL 


2 


(2o  sin  _.    I  sin  (  2vt  sin  ^    1  —  2a  cos  {  2vt  sin  '     I 
2/1/        \  2/(/  \  2n/ 


( 


STT 


4t;2  sin^  ^ — |-  4a^ )  cos  (stt) 


■) 


(50) 


This  is  the  complete  developed  solution  for  the  transient  current 
in  the  nth  section.  The  solution  is  in  tlie  form  of  a  series  which 
is  rather  complicated  and  would  be  very  lal)orious  to  use  in 
computations.  It  is  possil)le,  however,  in  this  case,  also,  to 
obtain  a  solution  in  the  form  of  a  definite  integral  of  a  Bessel 
function,  as  in  the  case  of  the  problem  of  the  non-dissipative 

artificial  line.     As  in  (he  previous  case,  we  can  replace  —^7/   n  by 

^''   dp 

J"'    e'" 
;,„,   ,dt  and  write  * 

odZip) 

dp 


Jo^aZ(p) 
dp 


(51) 
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Introducing  the  values  of  p  and  dZ{p)/dp,  we  get 

+  j(2vtsia  'J   ) 

nL  cos  (stt) 


•■•  =  ^12^— ---^'' 


^  2E  n^' 


(■■ 


cos  (  2vt  sin 


2n/ 


d<.  (52) 


2  cos  (  2y<  sin 

J2n{2vt) 


cos  (stt) 

We  have,  however,  already  established  that 

(2vt  sin  ^r-  I 
2n/ 

^j         n  cos  (stt) 
(see  equations  (36)  to  (40)),  therefore, 

in  =  ~ie-'"J,n(^vt)dt,  (53) 

the  same  as  (40)  modified  by  an  attenuation  factor  e~°'. 

Series  Elements:  Inductance  and  Resistance.  Shunt  Ele- 
ments: Capacities. — The  investigation  of  the  properties  and 
characteristics  of  an  artificial  line  in  which  the  leakage  elements 
are  not  included  is  of  considerable  importance,  inasmuch  as  this 
is  the  condition  resembling  more  closely  an  ordinary  transmission 
line  in  which  leakage  is  generally  a  negligible  factor.  Also,  this 
type  of  artificial  hne  is  very  closely  related  in  its  properties  and 
performance  to  the  periodically  loaded  line.  The  solution  of 
this  problem,  therefore,  will  serve  also  as  an  introduction  to  the 
study  of  the  loaded-line  problem.  For  a  comprehensive  mathe- 
matical discussion  of  the  loaded  line,  reference  must  be  had  to 
Dr.  Pupin's  celebrated  papers  on  this  subject.^ 

For  an  artificial  hne  of  negligible  leakage 

Zi  =  Lp  -j-  R,    ] 

1  I  (54) 


and 


Cp 


cosh  7  =  1+^^  =  1  +  lcp(Lp  +  R).  (55) 


'  Trans.  Am.  Inst.  Elec.  Eng.,  Vol.  XVI,  1899;  Vol.  XVII,  1900. 
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The  deterniinantal  equation  is,  of  course,  the  same  as  in  the 
previous  cases.     Hence,  we  have,  as  before, 


.Sir 


We  have,  therefore, 


cos  -  =  1  +  i  (LCp2  4-  RCp), 
n  2 

from  which  the  values  of  p  are  determined  as  follows: 


Vs 

R 
2L 

=  -a  ± 

+  ^ 

SLc(l  - 
2LC 

cos 

SttX 

n) 

j^Uv^  sin^ 

Sir           „ 

27^  -  «  ' 

where, 

for  brevity. 

n 

R 

=  2L''  = 

1 

Vlc 

We 

also  have. 

as  before 

) 

dZ(p) 
dp 

=  nz-i  sinh 

7  cosh  iiy 

dy 
i)p 

hut 

,  in 

this  case. 

sinl 

'  <l  =  "■"  +  2'"' 

Hence, 

dZip)  _ 
dp 

nZif  LCp  +  ^RC  \  cosh  n 

\ 

y 

)  cos  (sir) 

(m-,) 


(57) 

For  p  =  0,  we  take  the  value  of  Z{p)  =  22  sinh  7  sinh  //7  as  /; 
approaches  zero.  For  small  values  of  p,  cosh  7  differs  from  unity 
by  a  very  small  quantity  only,  and  we  n\i\,y,  therefore,  put 

cosh  7  =  1  +  I272  =  1  +  }'2(LCp2  +  RCp) 

Therefore, 

72  =  LCp''  +  RCp, 
and 

_,  ,  •  u       •  u  1       2       niJX^-\-RCp) 

Zipjp^o  =  22  smh  7  smh  ny  =  j—ny^  =  ^   

nR.  (58) 
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That  is,  the  steady-state  component  is  simply  E/nR.     For 
the  transient-current  component,  we  have 


dZip) 

^  dp 


^nL{p  +  a)  cos  {sir) 
Introducing  the  values  of  p  from  (56),  we  get 


+  i 'V4B2sin2^-a2' 
'  2n 


U  =  Ee-^ ^ 1  „  ■  (60) 

+  jnL  cos  (S7r)^f4y2  gjjj2  ^ ^2 

Taking  both  terms  under  the  double  signs  to  include  all  the  values 
of  p  corresponding  to  the  roots  of  the  determinantal  equation, 
the  above  simplifies  to  the  following: 


(^4.^sin^^-a^) 


in    =    gg^^  V^  ^^  C  (61) 

nL    .^!-J  /  Sir 

cos  (stt)  ^/4y2  sin^ a^ 

The  current  is  the  sum  of  n  oscillatory  components,  all  having 
the  same  damping  factor,  but  each  of  different  frequency.  The 
frequencies  of  oscillations  are  given  by 


If  n  Is  infinitely  large,  the  condition  of  a  uniform  line  Is 
approached,  and  in  that  case  the  solution  given  by  (61)  should 
reduce  to  that  of  the  uniform  hne.  That  this  is  actually  the  case 
can  be  readily  verified  by  comparing  the  above  solution  with  (80), 
Chap.  V,  the  solution  for  the  oscillations  on  a  uniform  hne. 
If  n  is  very  large,  we  may  put 

.       STT  STT 

^^^  2n=2-n 

and  (61)  reduces  to  

.    /    IvhV        X 
„„      , sm  I  ^  — ^  —  a^  ft 

V    ^2^^'^_-VSL!^^ Z_.  (63) 


cos  (stt)  ^  — w- a^ 

n- 
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Referring  Ixack  to  equation  (80),  Chap.  V,  we  note  that, 
neglecting  leakage  and  putting  x  =  I,  the  expression  for  the 
current  at  the  end  of  the  hne  reduces  to  the  following: 

ii  =  —[-C^'^^    -o       cos  (mr)-  (64) 

For  (7  =  0; 

R 
^  =  2L  =  ^' 


R 

''  =  21  =  ''' 


and 


li   =    jje""'  ^ cos  {utt)-  (65) 


If  we  bear  in  mind  that  n,  the  total  number  of  sections  in  (61), 
is  the  equivalent  of  I,  the  length  of  the  hne,  in  (63),  and  that  s 
in  (61)  and  n  in  (63)  designate  the  same  thing — the  sunmiation 
steps — then  it  is  evident  that  the  two  formulas  are  identical. 
The  solution  for  the  uniform  line  can  be  derived  from  that  of  the 
artificial  line  by  making  the  number  of  sections  infinitely  large. 
The  solution  of  the  uniform  line  is  a  limiting  case  of  that  of  the 
artificial  line. 

ARTIFICIAL  LINE-SERIES  ELEMENTS  INDUCTANCE  AND  RESIST- 
ANCE; SHUNT  ELEMENTS  CAPACITY  AND  LEAKAGE 

The  basic  formula  (13)  for  the  current  in  the  /;th  section 
applies,  also,  of  course,  to  this  case;  that  is, 

in  =  i-r ^"u '  (13  bis) 

22  smh  7  smn  yiy,  ^  ' 


and 


..stt 

1=2' 
n 


The  values  of  y  to  be  used  in  the  expansion  formula  are  here 
also  determined  from  the  relation 

cosh  7=1+.,    '• 
2  Zi 
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In  this  case,  however,  Zi  =  (Lp  +  R)  and  z^  =  7; — , — »  hence, 

Cp-\-g 

cosh  7  =  cos  r~  j  =  1  +  ^(Z^P  +  R)(Cp  +  ^),  (66) 


which  may  be  put  in  this  form 

1 

2v 


cos  (^\  =  1+  ^-{p^  +  2(a  +  fe)p  +  iab] 


Solving  for  p,  we  obtain 


:  J4(a  +  6)2  -  16a6  -  Sy^A  -  cos  ^^\ 


-2(a  +  6)  ±j4(a  +  6)^  -  16a6  -  Sv^  1  -  cos  "^ 
P  =  ■ 


=  —(a-\-h)  i-x  (a  —  by  —  4i/^  sin^  ^, 

=  -P  ±  j^4v'  sin2  2"!^  -  c7=^-  (67) 

We  may  put,  for  brevity, 

p  =  -P  ±  JI3„ 
where 


^s  =.kv'sm^--  a'-  (68) 

The  expression  for  dZ(p)/dp  to  be  used  in  the  expansion  formula 
is  readily  obtained, 

^-^=  ..  sinhTCOshnT^-  (69) 

By  (66),  however, 

Sinh  7^^  =  l(2LCp  +  L^  +  EC) 

=  ^(p  +  a  +  6)  =  l.Xp  +  P)-  (70) 


Introducing  this  value  in  (69),  we  get 
nz2   ,  {p  ■ 

V 

n(p  +  p) 


^  -  =  nz2   ,  (p  +  p)  cosh  n7 
dp  y-  '^         ' 


v'{Cp-^g) 


cos  (sn) 


±^^"^^        cos  (s.)  =  ±;f^^o^(^;).    (71) 


Ct;2(-p+j^,  +  26)        ^    '        v-C(-o-±i^,) 
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Substituting  these  values  of  p  and  dZ{p)/dp  in  the  expansion 
formula,  we  obtain  the  following: 

"        nL^  ±Ps  (-  P  ±  M  cos  {sir)  ^' 

Taking  into  account  the  double-sign  terms  to  include  the  values 
of  p  corresponding  to  all  the  roots  of  the  determinantal  equation, 
we  obtain  the  complete  expression,  as  follows: 


^"       nL  '   '  ^jl3,{-p  +  j/3.)  cos  (stt)       i/3,(p  +  j0,)  cos  (sw) 


^  E_  ^_„,  >.C  (-a  -\-M(-p-j^s)e^^-'  -  (a  +  M(p  -  j^.)^-^^* 


nL         ^^  j^.(p2  + /32)  cos  (stt) 

2E^-''^-^^,{a  -  p)  COS  i3,i  +  ((Tp  +  /32)  sin  ,3,^ 


(73) 


nL     ^^  /3.(p2  +  ^2)  cos  (stt) 

This  is  the  complete  solution  for  the  transient-current  com- 
ponent in  the  last,  the  nth,  section  of  an  artificial  line  which  is  to 
simulate  a  line  in  which  all  the  electrical  constants,  /?,  L,  C,  g, 
are  active. 

Equation  (73)  may  be  put  in  a  little  more  convenient  form, 
thus: 


.    ^  2^6-"'  ^     f-  -h  ^\  cos  m  -  ^J  ,74V 

'"  nL     ^\p2+>;    /3.  cosM"  ^''*^ 

+.,^  '^P  +  ^«  /"7r^ 

tan  <^«  =  7 .     •  (75) 

((T  -  p)/3. 

Formula  (73)  covers  the  most  general  case  and  should  reduce 
to  the  special  cases  discussed  before  by  the  proper  choice  of 
values  of  R,  C,  L,  g. 

For  R  =  g  =  0,  the  formula  should  reduce  to  (33),  the  expres- 
sion for  the  current  in  a  non-dissipative  line.     For  this  condition, 

p  =  0,  cr  =  0;  /3  =  2y  sin        and  (73)  reduces  to 

^rr         sin  {  2vt  sin  ^^  I 
_  2E^         \  2n) 

nL.^L^         .Sir  ,     , 

2v  sm  _    cos  (stt) 
2/1 

which  is  formula  (33). 

For   the   distort ionle.ss-line   condition,    a  —  {),   p  =  2a, 

0  =  2v  sin  '    ;  and  for  these  values  (73)  reduces  to  (50). 

For  g  =  0,  p  =  2a\  (T  =  2a  and  (73)  reduces  to  (01). 


CHAPTER  VII 
HEAVISIDE'S   DERIVATION    OF   EXPANSION    FORMULA 

It  will  be  of  interest  to  give  an  outline  here  of  the  method  by 
which  Heaviside  arrived  at  the  expansion  formula.  Aside  from 
the  historical  interest,  the  physical  and  mathematical  ideas  by 
which  he  was  led  to  the  formulation  of  this  important  theorem 
should  be  of  considerable  interest  for  the  student  of  physics 
and  engineering.  Heaviside  was  profoundly  interested  in  the 
study  of  the  dynamics  of  an  electromagnetic  field;  there  are 
frequent  recurrences  to  this  subject  all  through  his  collected 
papers.  Irrespective  of  what  particular  investigation  in  electrical 
theory  he  was  working  on,  the  subject  of  the  dynamics  of  an 
electromagnetic  field,  and  related  matters,  is  touched  upon  from 
one  angle  or  another.  It  was  the  study  of  energy  distribution 
and  subsidence  in  an  electromagnetic  system  that  suggested 
ideas  which  led  to  the  formulation  of  the  expansion  theorem. 
Nowhere  has  he  given  a  complete  and  formal  demonstration 
of  the  derivation  of  the  formula.  But  ideas  and  suggestions 
relating  to  this  and  connected  problems  run  through  the  publica- 
tions of  his  collected  papers. 

In  his  "Electromagnetic  Theory,"^  he  gives  the  formula 
without  proof.  He  contents  himself  with  the  following  state- 
ment, and  no  reference  is  made  to  the  process  of  derivation: 

Finally,  there  is  a  third  and  very  general  way  of  converting  operational 
solutions  to  the  form  of  the  sum  of  normal  solutions.  It  does  not 
require  special  investigations  of  the  properties  of  normal  functions.  It 
is  very  direct  and  uniform  of  application.  It  avoids,  in  general,  a  large 
amount  of  unnecessary  work.  The  investigation  of  the  conjugate 
property,  and  of  the  terminal  apparatus  in  detail  in  order  to  apply  it  to 
the  determination  of  the  coefficients,  is  wholly  avoided.  It  applied  to 
all  kinds  of  series  of  normal  functions,  as  well  as  Fourier  series.  And  it 
applies  generally  in  electromagnetic  problems,  with  a  finite  or  infinite 
number  of  variables;  or  more  generally,  to  the  system  of  dynamical 
equations  used  by  Lord  Rayleigh  in  the  first  volume  of  his  treatise  on 

'  Vol.  II,  p.  127 
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Sound,  which  covers  the  rest  of  tlio  work,  and  upon  wliicli  he  bases  his 
discussion  of  general  properties. 

The  method  may  be  briefly  (though  imperfectly)  stated  as  follows: 
Let  e  =  ZC  be  the  operational  solutions  of  an  electromagnetic  problem; 
say,  for  definiteness,  that  C  is  the  current  at  a  certain  place  due  to  an 
impressed  force  e  at  the  same  or  some  other  place.  Let  the  form  of  Z 
be  such  as  to  indicate  the  existence  of  normal  solutions  for  C.  Then 
when  e  is  steady,  beginning  at  the  moment  t  =  0,  the  C  due  to  e  is 
expressed  by 

This  is  recognized  as  the  expansion  formula  which  wo  have 
developed  by  algebraic  process;  the  complete  derivation  is 
given  in  Chapter  IL 

Because  of  the  fact  that  in  giving  this  formula  in  his  electro- 
magnetic theory,  no  reference  is  made  to  his  collected  papers, 
nor  is  any  hint  given  as  to  the  how  and  when  of  its  derivation, 
the  impression  was  created  that  Heaviside  gave  this  formula 
without  proof.  This,  of  course,  is  incorrect.  Heaviside 
discussed  the  subject  very  extensively  but  in  scattered  form.' 

The  basic  ideas  which  led  to  the  tlevelopment  of  the  expansion 
formula  relate  to  questions  of  energy  distribution  and  subsidence 
in  a  normal  electromagnetic  system.  A  normal  system  is  defined 
as  one  which  on  subsiding  remains  similar  to  itself,  the  subsidence 
being  represented  by  the  time  factor  e'''. 

If  we  have  any  electric-circuit  system,  energy  stored  up 
magnetically  and  electrically  in  the  inductances  and  condensei-s, 
and  leave  it  to  itself,  removing  the  impressed  force,  it  will  subside 
to  equilibrium  in  a  manner  determined  by  the  distribution  of  th(^ 
currents  in  the  coils  and  the  charges  of  the  condensers.  In 
general,  the  energy  relations  are  as  follows: 

w  +  ^'^''^(r  +  r)  =  0,  (1) 

where  U  is  the  electric  energy  T  the  magnetic  energy,  and  IT  the 
energy  dissipated.     This  formula  states  that  the  rate  of  decrease 

*  It  is  partially  dealt  with  in  hi.s  papers,  "Electromagnetic  Induction  and 
Its  Propagation,"  collected  papers.  Vol.  I,  pp.  420- .WO;  "On  Self  Induction 
of  Wires,"  collected  papers,  Vol.  II,  pp.  l()8-32:i;  and  the  final  derivation  of 
the  formula  is  given  in  his  paper  "Resistance  and  Conductance  Operators," 
colloctotl  pajHMs,  Vol.  II,  pp.  3.'J5-374. 
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of  the  electric  and  magnetic  energies  of  the  system  is  equal  to 
the  dissipativity. 

When  the  energy  subsidence  occurs  in  two  normal  systems, 
as  in  the  case,  for  instance,  of  a  double  periodic  oscillating  circuit 
system,  and  if  we  designate  the  two  systems  by  suffixes  i  and  2, 
an  additional  energy  relation  is  given  for  this  case  by  the  equation 


Wn  +  ^^(f/12  +  T12)  =  0, 


(2) 


an  equation  of  mutual  acticity.  U12  and  7^12  are  the  mutual 
electric  and  magnetic  energies,  and  Wn  the  mutual  dissipativity. 
The  mutual  energies  are  the  excess  of  the  total  energies  when  the 
two  normal  systems  coexist  over  the  sum  of  the  separate  energies 
if  they  would  have  existed  independently.  In  addition,  for  a 
system  in  which  no  energy  is  communicated,  leaving  it  only 
irreversibly  through  dissipativity,  there  is  also  the  relation 

Un  =  7^12.  (3) 

The  mutual  electric  and  magnetic  energies  are  equal.  Heavisidc 
established  these  relations  from  general  considerations  of  a 
dynamical  system,  which  will  be  given  farther  on.  We  shall 
first  consider  these  questions  from  the  electric-circuit  standpoint, 
following  the  method  of  Wagner.^ 

Take  the  simplest  case,  that  of  two  circuite  coupled  through 
a  common  element,  and  consider  the  three  possible  cases — 
capacity  coupling,  inductance  coupling,  and  resistance  coupling. 

a.  Capacity  Coupling. — The  circuit  arrangement  is  shown  in 
Fig.   25;  the  circuits  are  coupled  through  the  condenser  C12. 


Cj 


C^ 


E, 


1     Cj 


12.  • 


'U 


'22 


Fig.  25. 


if  the  charge  on  condenser  Ci  is  Qi,  and  the  charge  on  condenser 
C2  is  Q2,  the  charge  on  the  coupling  condenser  C12  is  Q\  +  Qi. 

'  Wagner,  Karl  Willy,  "Dcr  Satz  von  tier  Wechselseitingen  Energie, " 
Elektrische  Nachrichtciv-Technik,  Bd.  2,  S.  376-392. 
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Zii  and  Z22  are  the  impedances  of  the  circuits  1  and  2  exclusive 
of  capacities.     We  have  the  circuit  equations 


Put 


f^    -r  -ii^ii  i         7t —  -C^i, 

L  1  L  12 

Q2  ,   .  7     ,  Q.  +  Q2  _  p, 

O2  ^  12 


-^"22  =  >-,   +  >,-' 

C2        012 


(4) 


A',2  =  A'2.  = 


1 

C12 


(5) 


Also, 


J        dQi  dQo 


(6) 


Substituting  these  in  equations  (4),  we  get  the  following: 
(A'n  -{-pZn)Qi  +KnQ-i  =  Ex, 

(A'22   +   VZ22)Q2   +   Ko.Ql    =    Ao. 

b.  Inductive    CovfpUng. — Two    circuite    coupled    through    an 
inductance  L12,  the  arrangement  shown  in  Fig.  26.     If  we  put 


nmm5 


Fi(i.   20. 

the  total  inductance  of  circuit  1,  and 

L22  =  Lo  +  L,2 

the  total  induct anc(>  of  circuit  2,  we  hav(>  the  following  (Miuations 
for  the  two  circuits: 


(7) 


(pZ,i  +  p~Ln)Q\  +  /)-/^i2(?2  =  A,, 
{pZ,,  +  p-L,,)Q,  +  //^Lo.Qi  =  A2, 

Zii    and    Z22    are    the    impedances   of  the  circviits  (>\clusiv(>  of 
inductances. 
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c.  Resistance  Coupling. — The  circuit  arrangement  is  shown  in 
Fig.  27.  Ri2  is  the  coupHng  resistance,  Zn  and  Z22  are  the 
impedances  of  the  circuits  exclusive  of  resistances.  If  we  put 
72^^  =  Tjj  -]_  72,2^  the  total  resistance  of  circuit  1,  and  7^22  = 
R2  +  ^21  the  total  resistance  of  circuit  2,  the  circuit  equations 
will  be  as  follows: 

p(Zn  +  Rn)Qi  +  PR12Q2  =  E,, 
P{Z22  -  E22)Q2  +  pRi2Qx  =  E2. 


r^^\MWA r 

— AWMV^ 

E 

7 

^    Ri^ 

2          E2 

1 

V 

'7 

^11 

(8) 


Fig.  27. 


In  the  general  case  for  any  number  of  circuits  and  all  three 
types  of  coupling  simultaneously  effective  between  the  circuits, 
the  circuit  equations  in  accordance  with  the  preceding  will  be 
as  follows: 


{Kn  +  pRn  +  p-Lu)Qi  +  (i^i2  +  pRx2  +  p2Li2)Q2+ 

(^22   +   P^22    +    P^L22)Q2   +    (i^21   +   pRtl   +   P'L2i)Ql   + 


=  Eu 


=  E2 


(9) 


We  also  have  the  following  expressions  for  the  energies  in  the 
electric  circuit  system. 

The  electric  energy  in  the  condensers 

U  =  KKnQ?  +  K12Q1Q2  +  y2K22Ql  +  •  •  •  (10) 

The  magnetic  energy  in  the  inductances 

T  =  liU.Tl  +  L:2/i/2  +  V2L22II  +  •  •  •  (11) 

The  energy  dissipated  by  the  resistances 

W  =  Rul\  +  2R,2lJ2  +  R22JI  +  •  •  •  (12) 

The   power,    rate   of   energy,    supplied   to   the   circuits  by  the 
impressed  electromotive  forces, 

S  =  EJ,  +  ^2/2  +  •  •  •  (13) 

By  the  aid  of  the  above  formulae,  we  can  establish  the  relation 
between  mutual  electric  and  magnetic  energies, 
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Assume  two  systems  of  electromotive  forces  acting  on  a 
circuit  network.  One  system  we  shall  distinguish  by  '  thus: 
E[,  E'^,  .  .  .  ,  the  corresponding  charges  by  Q[,  Q^,  .  .  . 
and  the  corresponding  currents  by  I[,  /g,  .  .  .  We  shall 
also  designate  by  U'  the  electric  energy;  T'  the  magnetic  energy; 
W  the  dissipativity;  and  S'  the  power  supplied. 

A  second  sj-stem  of  electromotive  forces,  different  from  the 
first,  we  shall  distinguish  by  "  thusiE'',  E'^  .  .  .  ;  the  charges 
corresponding  to  these  electromotive  forces  are  designated  by 
Qu  Q-jj  ■  ■  ■  >  the  currents  by  /'/,  Z',',  .  .  .  ;  also  desig- 
nated by  U",  the  electric  energy,  T"  the  magnetic  energy,  W" 
the  dissipativity,  and  .S"  the  power  supplied. 

When  both  systems  of  electromotive  forces  act  simultaneously 
on  the  circuit  network,  the  charges  and  the  currents  are  additive 
so  the  effective  charges  are  Q[  +  Q'[,  Q'^  +  Q'J  .  .  .  and  the 
effective  currents  are  I[  +  /'/,  /j  +  /V^  •  •  •  The  energies, 
however,  of  the  two  sj^stems  arc  not  additive,  because  the 
energies  are  proportional  to  the  squares  of  the  charges  and  the 
currents.     The  resultant  energies  are  as  follows: 


U  =  U'  -\-  U"  +  f/,2, 

T  =  r  -\-  T"  -\-  r,2, 
ir  =  11"  +  w"  +  ir.o, 


(14) 


Un  designates  the  mutual  electric  energy  between  systems  1  and  2. 
Un  =  KuQ.Q'^  +  Kn{Q[Q'^  +  Q"Q',)  +  K22Q:Q':  +    •  •  •    (15) 
T12  is  the  nmtual  magnetic  energy  between  systems  1  and  2. 
Tn  =  Lnl'yl'i  +  Lv^il'J"  +  /;/'.!)  +  L,.rj",  +  •  •   •  (16) 

The  corresponding  nuitual  dissipativity  is 

F12  =  2{RnT[T"  +  Rv>{i[r:  +  /';/:)+  R-22i'j"o]  +  •  •  ■    (i7) 

The  corresponding  power,  rate  of  energy,  supply  is  given  by 

Sn  =  (E'J'i  +  E'[I[)  +  {E'J';  +  E'^I',)  +  .    .    .  (18) 

Of  the  mutual  power  supply,  the  part  contributed  by  system 
1  is 

^/2  =  E[i['  +  £:/':  +  •  •  •  (19) 

We  will  now  assume  that  in  system  1,  all  amplitudes  vary  jus  the 
exponential   function  e'"''  and  that  in  system  2,  all  amplitudes 
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vary  as  the  exponential  function  e''-'.  We  shall  have  then,  by 
(9), 

kuQ[  +  Rnl[  +  PiLu/;  +  k,.Q',  +  Ri2r,  +  P1L12/;  +  )  .__- 

...    =  E[l  ^^^> 
n  =  P2Q[',  etc. 
Introducing  these  values  in  (19),  we  obtain 

S[,  =  p2Un  +  ^1^12  +  HWn.  (21) 

In  a  similar  way,  from  the  relation 

'^21     =    ^ih   +   '^2'-^2   +     '     ■     ' 

we  get 

S[;,=  PlU,2  +  ^27^12  +  1-2^^12.  (22) 

These  are  the  equations  of  mutual  activity.  Subtracting  (22) 
from  (21),  we  get 

S;^  -  S',[  =  (P2  -  Pi)(f/i2  -  T,,).  (23) 

Now  let  the  £"'8  vanish,  so  that  no  energy  can  be  communicated 
to  the  system,  then  S^^  =  0,  and  S'^!^  =  0,  and 

(P2  =  Pi)(f/i2  -  7^12)  =  0, 
giving 

Un  =  Tn.  (24) 

By  the  aid  of  this  relation  between  the  mutual  energies,  the 
amplitudes  of  the  normal  functions  of  a  system  of  any  number 
of  degrees  of  freedom  can  be  determined.  The  expansion 
formula  was  derived  by  the  application  of  this  principle  to 
electric-circuit  systems. 

Heaviside  established  this  relation  between  the  mutual  energies 
from  the  general  considerations  of  a  dynamical  system.  He 
states  the  whole  problem  very  clearly  and  concisely  in  his  paper^ 
as  follows : 

THE  CONJUGATE  PROPERTY  f' 12  =  T,.  IN  A  DYNAMICAL  SYSTEM 
WITH  LINEAR  CONNECTIONS 

Considering  only  a  dynamical  system  in  which  the  forces  of  reaction 
are  proportional  to  displacements,  and  the  forces  of  resistance  to 
velocities,  there  are  three  important  quantities — the  potential  energy, 
the  kinetic  energy,  and  the  dissipativity,  say  U,  T,  and  Q  which  are 
quadratic  functions  of  the  variables  or  their  velocities.  When  there  is 
no  kinetic  energy,  the  conjugate  properties  of  normal  systems  are 
^'12  =  0  and  Q12  =  0,  these  standing  for  the  mutual  potential  energy 

1  "On  the  Self  Induction  of  Wires,"  collected  papers  Vol.  II,  p.  202. 
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and  the  mutual  dissipativity  of  a  pair  of  normal  systems.  Whon  there 
is  no  potential  energy,  we  have  Tv:  =  0  and  Qvi  =  0.  When  there  is 
no  dissipation  of  energy,  U\i  =  0  and  Tvi  =  0.  And,  in  general, 
^12  =  Ti-,,  which  covers  all  cases  and  has  two  o(iuivalents,  ^^Qvi  + 
0\-i  =  0,  and  ^-'Qvi  +  ^12  =  0;  for,  as  the  mutual  ])()tential  and  kinetic 
energies  are  e(iual,  the  mutual  dissipativity  is  derived  half  from  (vich. 

Let  the  variables  be  Xi,  x'2  •  •  •  ,  their  velocities  t'l  =  i-i  •  •   ■  and  the 
e<iuations  of  motion 


F,   =    (An  +  nuP  +  Ciip^)  X,  +  (.1,2  +  Byil)  +  C,.,/,2)  x^  + 

F.  =  (A21  +  B,yv  +  C2,p2)  X,  +  (A22  +  B^.v  +  C^ip^)  X,  + 


(88) 


where  F\,F>  ■  •  •  are  impressed  forces  and  p  stands  for  d/dt.  Form- 
ing the  eciuation  of  t(4al  activity,  we  olitain 

i:  Fv  =  Q  f  U  +  f  (89) 

where 

2U  =  Au.v:  +  2.l„.r,.r,  +  .lo,.r^  +   •  •  •   ,  ] 

Q  =  Buv\  +  2By.v,v.  +  B.^  +  •  •  •  ,  (90) 

2T  =  Cl,^'^  +  2Ci2i'ii'2  +  C2^vl  +  •  •  •  •  J 

80  far  will  define  in  the  t)ricfest  manner,  U,  T,  Q  and  activity. 

Now  let  the  F's  vanish,  so  that  no  energy  can  beconmiunicated  to  the 
system,  whilst  it  can  onlj^  leave  it  irreversibly,  through  Q.  Then  let 
p\,  p-i  be  any  two  values  of  p  satisfying  (88)  regarded  as  algebraic.  I^et 
Qh  Ui,  Ti  belong  to  the  system  pi  existing  alone;  then,  by  (89)  and  (90), 

0  =  Q,  +  L'l  +  7',,  or  0  =  Q,  +  2p,(L',  +  T,); 
0  =  Qo  +  [7,  +  7',,  or  0  =  (h  +  2p,{U,  +  r.,). 

Hut  when  existing  sinuiltancously,  so  that 

Q  =  (h  +  Qi  +  C>.2,  U  =  L'l  +  Ui  +  Uvi,  T  =  7\  +  r,  +  r,,, 

where  Ti-j,  7'ij,  ^i-j  d('])('nd  ui)on  products  from  both  systems,  thus: 

Qv2  =  2\BuVxi\  +  BM^.^i  -h  /i,,(/v;  +  '•2/');  +   •  •  ■   I 
Vvi  =  A\xXxx\  +  AiX-ix[  +  Ai-..(.ri.r.^  +  .r....rj)  +   •  •  ■ 
7^12  =  CnViv\  +  C22v\vl  +  Cxi{vxiK  +  v-2\.\)  +   •  •  ■  , 

the  accents  (list  iiitiuisliing  one  system  from  the  other,  we  sli;ill  lind,  liy 
forming  tlie  e(iuations  of  mutual  activity,  -/*',,  =  •  •  •  ,  and  -/''^  = 
•  •  •  ,  that  is,  with  the  F's  of  one  system,  and  the  f's  of  the  other,  in 
turn, 

0  =  l^Qxi  +  7>2r,o  +  /,,7'„, 

0  =  '■2y,2  +  />.L\2  +  P27',,; 

adding  wiiich,  there  results  the  equation  of  mutual  activity, 

0  =  Qv>  +  (p,  -1-  Pi){Vv2  +  7^.2)  or  0  =  Q,2  +  r,2  -I-  fxi; 
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and,  on  subtraction,  there  results 

0  =  (pi  -  p.)(LV,  -  Tu),  (91) 

giving  Uvi  =  Ti2  if  the  ?/s  are  unequal.  But  this  property  is  true 
whether  the  p's  be  equal  or  not;  that  is,  Un  =  Tn  when  7>i  is  a  repeated 
root.  I  have  before  discussed  various  cases  of  the  above,  with  social 
reference  to  the  dynamical  system  expressed  by  Maxwell's  electro- 
magnetic equations. 

The  above  quotation  gives  Heaviside's  approach  to  the  problem. 
He  arrives  at  the  relation  of  the  mutual  energies  given  by  (24), 
Heaviside's  equation  (91),  from  the  general  energy  considerations 
of  a  dynamical  system. 

DETERMINATION    OF   THE   AMPLITUDES   OF   NORMAL    DISTRI- 
BUTIONS OF  VOLTAGES  AND   CURRENTS  IN  A  CIRCUIT 
NETWORK 

Assume  a  network  consisting  of  n  circuits,  each  comprising 
an  inductance  and  a  condenser;  energy  stored  up  electrically 
and  magnetically  in  the  circuit  system.  On  removal  of  the 
impressed  electromotive  force,  the  system  will  subside  to  equilib- 
rium in  normal  current  and  voltage  distributions,  the  subsidence 
being  represented  by  the  time  factor  e^'K  The  voltage  and  current 
in  any  circuit  is  given  by 

V  =  SAwe^', 
I  =  SAweP', 

V  being  the  real  voltage  at  a  place  where  the  corresponding 
normal  voltage  is  u  and  I  the  real  current  where  the  correspond- 
ing normal  current  is  w. 

For  any  particular  normal  distribution,  the  amplitudes  of  the 
voltage  across  the  n  condensers  are 

A..u^l\  A,.u^'J,  ■  ■  ■  AMV 

where  A„  is  the  coefficient  of  the  normal  distribution  correspond- 
ing to  the  vth  distribution. 

The  amplitudes  of  the  currents  in  the  inductance  coils  are 

AMl\  A,w%\  ■  •  ■  A.w'V. 

The  effective  voltage  on  any  one  condenser,  of  the  /xth  circuit, 
say,  is  given  by 

V>  =  AiM<^>  €"i'  +  AiU^V  €"•/  +   •  •  •  (25) 
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The  current  in  the  coil  of  the  /i"'  circuit  is  given  by 

7^  =  Axu^,  e"!'  +  Aiiv^'^''  6^2'  +  •  •  •  (26) 

Initially,  when  t  =  0,  the  voltage  and  current  in  the  /x"*  circuit 
are  given  by 


(27) 


Now  calculate  the  mutual  electric  and  magnetic  energies  of 
the  given  state  A\ith  respect  to,  say,  the  v"'  normal  distribution. 
To  do  this,  multiply  (27)  by  C^^^iiV  and  sum  up  over  all  the  n 
circuits.  We  obtain  the  following,  leaving  ofif  the  designation 
fj.,  and  using  the  summation  sign: 

Uov  =  1:CuvVq  =  XC\AiUiUv  +  A2U2UV  +  •  •  •   } 

=  AiUi,  +  AoU2v-{-  ■  •  '  (28) 

The  terms  Uk^  on  the  right-hand  side  of  the  above  equation  arc 
the  mutual  electrical  energies  of  any  7^""  distribution  and  the 
v"*  normal  distribution. 

In  a  similar  way,  we  obtain  the  following  expression  for  the 
magnetic  energies: 

To,  =  A,Tu-\-  A^T^v-h  ■  ■  ■  (29) 

Subtracting  (29)  from  (28),  all  terms  A^iUkv  -  Tk.)  on  the 
right-hand  side  cancel  by  the  relation  (24)  except  the  term 
AviUrv  —  T,.,).  The  energies  U,-,  and  T^,  are  not  mutual 
energies.  [/„„  is  double  the  self  energy  of  the  v"'  normal  distribu- 
tion, and  so  is  Ti„  =  2T^. 

We  obtain,  therefore,  the  relation 

f/(i„  —  Tqv  =  2Av{Uv  —  Tv), 
and 

4     _     Uov       I  ov  CiO") 

"  ~  2(u„  -r,,)  ^ 

This  relation  between  the  amplitudes  of  the  normal  distributions 
and  the  energies  in  the  initial  state  was  developed  by  Heaviside 
in  his  paper,  "Electromagnetic  Induction  and  its  Propagation,  " 
collected  papers,  Vol.  I,  p.  523. 

From  this  and  another  relation  that  he  establishes  between  the 
energies  of  the  system  and  the  electrical  characteristics  of  the 
circuit  system,  the  energy  terms  are  eliminated  and  an  expression 
is  obtained  for  the  amplitudes  of  the  normal  distributions  in 
terms  of  the  circuit  characteristics  and  the  initial  states. 
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The  derivation  of  formula  (30)  is  not  set  forth  in  Heaviside's 
papers  connectedly  in  a  way  that  could  be  followed  easily; 
hence,  the  demonstration  given  above.  From  this  point  on, 
however,  the  rest  of  the  work  in  the  process  of  deriving  the 
expansion  formula  is  very  clearly  given  in  his  papers,  and  it 
will  be  best  to  quote  him  directly.^  The  two  sections  referred 
to,  together  with  formula  (30),  give  the  complete  derivation  of 
the  expansion  formula.  Parts  of  these  sections  which  have 
specific  reference  to  the  problem  are  given  below. 

Suppose,  for  example,  we  have  two  fine-wire  terminals,  a  and  h,  that 
are  joined  through  any  electromagnetic  and  electrostatic  combination 
which  does  not  contain  impressed  forces,  nor  receives  energy  from  with- 
out, except  by  means  of  the  current,  say  C,  entering  it  at  a  and  leaving 
it  at  h.  Let  also  V  be  the  excess  of  the  potential  of  a  over  that  of  b. 
Then  VC  is  the  energy-current  or  the  amount  of  energy  added  per  second 
to  the  combination  through  the  terminal  connections  with,  necessarily, 
some  other  combination.  .  .  .  The  combination  need  not  be  of  mere 
linear  circuits,  in  which  differences  of  current-density  are  insensible; 
there  may,  for  example,  be  induction  of  currents  in  a  mass  of  matter 
either  connected  conductively  or  not  with  a  and  6;  but  in  any  case  it  is 
necessary  that  the  arrangement  should  terminate  in  fine  wires  at  a  and 
h,  in  order  that  the  two  quantities  V  and  C  may  suffice  to  specify,  by 
their  product,  the  energy  current  at  the  terminals.  Even  in  this  we 
completely  ignore  the  dialectric  currents  and  also  the  displacement,  in 
the  neighborhood  of  the  terminals,  i.e.,  we  assume  c  =  0  to  stop  dis- 
placement. This  is,  of  course,  what  is  always  done,  unless  specially 
allowed  for. 

Now,  supposing  the  structure  of  the  combination  to  be  given,  we  can 
always,  by  writing  out  the  equations  of  its  different  parts,  arrive  at  a 
characteristic  equation  connecting  the  terminal  V  and  C.     For  instance, 

V  =  ZC  (98) 

where;  Z  is  a  function  of  d/dt.     In  the  simplest  case  Z  is  a  mere  resist- 
ance.    A  common  form  of  this  equation  is 

/oF  -h/iF  +hV  +  •  •  ■  =  goC  +  ^iC  -h  ff^C  -1-  •  •  • 

where  the/'s  and  g's  are  constants,     liut  there  is  no  restriction  to  such 
simple  forms.     All  that  is  necessary  is  that  the  equation  should  be 

'  It  is  necessary  to  refer  to  only  two  sections,  one  given  on  p.  204,  Vol.  II, 
collected  papers,  under  the  heading  "Applications  to  Any  Electromagnetic 
Arrangement  Subject  to  V  =  ZC,"  and  the  other  section  on  p.  371,  Vol.  II, 
collected  papers,  under  the  heading  "The  Use  of  the  Resistance-operator  in 
Normal  Solutions." 
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linear,  so  that  Z  may  l)c  a  function  of  p.     If,  for  example,  (dC/dt)- 
occurred,  we  could  not  do  it. 

Now  this  combination  must  necessarilj'  be  joined  on  to  another,  how- 
ever elementary,  to  make  a  complete  system,  unless  V  is  to  be  zero 
always.  The  complete  system,  without  impressed  forces  in  it,  has  its 
proper  normal  modes  of  subsidence,  corresponding  to  definite  values  of 
p.     Consequently 

Un-Tvl  =  {U2C^-U,C2)^{p^-p■2)'  (99) 

if  I'ljCi  belong  to  />i  and   ]'•:,  C-  to  p>,  whilst  the  left  nicnihcr  refers  to 
the  combination  given  l)y   \'  =  ZC.     Or, 


(lOU) 


i\.  -  T,,  =  c^cJ^'^  -  ^  -^  ip,  -  po  =  c.r/'  ^^, 

\  Ci       Co/  p-i  —  Pi 

and  the  value  of  2(1'  —  7")  is  a  single  normal  system  is 

2(r  -  7')  =  v'^^  -  c^^y  =  -r^/  5^  =  -c^'^-       (101) 

dp  dp  dp  C  dp 

In  a  similar  manner  we  can  write  down  the  energj'  differences  for  the 
complementary  combination,  whose  equation  is,  say,  V  =  yC;  remem- 
bering that  —  VC  is  the  energy  entering  it  per  second,  we  get 

C1C2    '  ">  and  C^ ,    >  respectivelv. 

Pi  —  Vi  dp 

By  addition,  the  e()nii)lete  ^12  —  T\>  is 

CiC/'^'^~^^-^^  =  0  =  CyCf^'^f'  (102) 

Pi    -    P2  Pi    -    P2 

and  the  complete  2(r  —  7")  is 

n'!  {Y  -  Z)in-C^-'^,  (103) 

dp  dp 

where  <p  =  0,  or  Y  —  Z  =  0,  is  the  deterniiiiantal  ('(juation  of  the  com- 
plete system  (both  cond)inati()ns  which  join  on  at  a  and  b  where  V 
an<l  C  are  reckoned),  expressed  in  such  a  form  that  every  term  in  is  of 
the  dimensions  of  a  resistance." 

THE    USE    OF    THE    RESISTANCE-OPERATOR    IN    NORMAL 
SOLUTIONS 

In  conclusion,  consider  the  aj)plieation  of  tne  resistance-operator  to 
normal  solutions.  If  we  leave  a  combination  to  itself  without  impressed 
force,  it  will  subside  to  equilibrium  (when  there  is  resistance)  in  a 
manner  determined  by  the  normal  distributions  of  electric  and  magnetic 

'  See  equation  (23),  p.  149. 

2  Collected  papers,  Vol.  II,  pp.  204  20(1 
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force,  or  of  charges  of  condensers  and  currents  in  coils ;  a  normal  system 
being,  in  the  most  extended  sense,  a  system  that,  in  subsiding,  remains 
similar,  the  subsidence  being  represented  by  the  time  factor  e^',  where 
p  is  a  root  of  the  equation  Z  =  0.  It  is  true  that  each  part  of  the  com- 
bination will  usually  have  a  distinct  resistance-operator;  but  the 
resistance-operators  of  all  parts  involve,  and  are  contained  in,  the  same 
characteristic  function,  which  is  merely  the  Z  of  any  part  cleared  of 
fractions.  It  is  sometimes  useful  to  remember  that  we  should  clear  of 
fractions,  for  the  omission  to  do  so  may  lead  to  the  neglect  of  the  whole 
series  of  roots;  but  such  cases  are  exceptional  and  may  be  foreseen; 
while  the  employment  of  a  resistance-operator  rather  than  the  char- 
acteristic function  is  of  far  greater  general  utilitj^,  both  for  ease  of 
manipulation  and  for  physical  interpretation. 

Given  a  combination  containing  energy  and  left  to  itself,  it  is  upon 
the  distribution  of  the  energy  that  the  manner  of  subsidence  depends, 
or  upon  the  distribution  of  the  electric  and  magnetic  forces  in  those  parts 
of  the  system  where  the  permittivity  and  the  inductivity  are  finite,  or  are 
reckoned  finite  for  the  purpose  of  calculation.  Thus  conductors,  if 
they  be  not  also  dielectrics,  have  only  to  be  considered  as  regards  the 
magnetic  force,  whilst  in  a  dielectric,  we  must  consider  both  the  electric 
and  the  magnetic  force.  Now  the  internal  connexions  of  the  system 
determine  what  ratios  the  variables  chosen  should  bear  to  one  another 
in  passing  from  place  to  place  in  order  that  the  resulting  system  should 
be  known;  and  a  constant  multiplier  will  fix  the  size  of  the  normal 
system.  Thus,  supposing  u  and  ic  are  the  normal  functions  of  voltage 
and  current,  which  are  in  most  problems  the  most  practical  variables, 
the  state  of  the  whole  system  at  time  t  will  be  represented  by 

V  =  llAui"',  C  =  ZAwer';  (46) 

V  being  the  real  voltage  at  a  place  where  the  corresponding  normal 
voltage  is  u,  and  C  the  real  current  where  the  normal  current  is  iv,  the 
summation  extending  over  all  the  p-roots  of  the  characteristic  equa- 
tion. The  size  of  the  systems,  settled  by  the  A's  (one  for  each  p)  are 
to  be  found  by  the  conjugate  property  of  the  vanishing  of  the  mutual 
energy  difference  of  any  pair  of  p-systems,  applied  to  the  initial  dis- 
tributions of  V  and  C. 

To  find  the  effect  of  impressed  force  is  a  frequently  recurring  problem 
in  practical  api)lications;  and  here  the  resistance-operator  is  specially 
useful,  giving  a  gcnieral  solution  of  great  simplicity.  Thus,  suppose  we 
insert  a  steady  impressed  force  e  at  a  place  where  the  resistance-operator 
is  Z,  producing  e  ^  ZC  thereafter.  Find  C  in  terms  of  e  and  Z.  The 
following  demonstration  appears  quite  comprehensive.  Convert  the 
problem  into  a  case  of  sul)sidence  first,  by  substituting  a  condenser  of 
permittance  S,  and  initial  charge  Se,  for  the  impressed    force.     By 
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making  S  infinite  later  we  arrive  at  the  effect  of  the  steady  e.  In 
getting  the  subsidence  solution  we  have  only  to  deal  with  the  energy  of 
the  condenser,  so  that  a  knowledge  of  the  internal  connexions  of  the 
system  is  quite  superfluous. 

The  resistance-operator  of  the  condenser  being  (5p)"',  that  of  the 
combination,  when  we  use  the  condenser,  is  Z\,  where 

Zi  =  (.Sp)-i  +  Z.  (47) 

Let  V  and  C  be  the  voltage  and  the  current  respectively  at  time  t  after 
insertion  of  the  condenser,  and  due  entirely  to  its  initial  charge.  Equa- 
tions (40)  above  express  them,  if  xi  and  lo  have  the  special  ratio  proper 
at  the  condenser,  given  by 

w  =  -Svu  (48) 

because  the  current  equals  the  rate  of  decrease  of  its  charge.  Initially, 
we  have  c  =  2.4 «  and  XAw  =  0.  So,  making  uke  of  the  conjugate 
property,  we  have 

Seu  =  2([/p  -  T^)A^^  .    (49) 

if  Up  be  the  electric  and  Tp  the  magnetic  energy  in  the  normal  system. 
But  the  following  property  of  the  resistance-operator  is  also  true. 

2(7-^  -  U,)  =  '^f\v'-;-  (50) 

dp 

That  is,  dZi/dp  is  the  impulsive  inductance  in  the  p-system  at  a  place 
where  the  resistance-operator  is  Zi,  p  being  a  root  of  Z\  =  0;  just  as 
dZi/dp  with  p  =  0  is  the  impulsive  inductance  (complete)  at  the  same 
place.     Using  (50)  and  (49)  gives 

A  =  -(Sen)  ^  ("'-''J/^;)-  (51) 

Now  u.se  (48)  in  (51)  and  insert  the  resulting  .1  in  lh(>  second  of  (4(')), 
and  there  results 

where  the  accent  means  differentiation  to  p.  This  is  the  complete 
subsidence  solution.     Now  increase  S  infinitely,  keeping  r  constant. 

Zi  ultimately  becomes  Z;  but  in  tloing  so  one  root  of  Zi  =  0  becomes 
zero.     We  have,  by  (47),  and  reincinbcr'ng  that  Zi  =  0 

pZ[  =  -iSp)-'  +  pZ'  =  Z  +  pZ';  (53) 

1  iSee   equation    (.30),  p.  152;  the  initial  energy  uou  condenser  charge  no 
initial  niagiu'tic  energy. 

*See  e(iuiitioii  (108j  p.  154. 
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so,  when  <S  =  «  and  Z  =  0,  we  have  pZi  =  pZ'  for  all  roots  except  the 
one  just  mentioned,  in  which  case  p  tends  to  zero  and  Z'  is  finite,  making 
in  the  limit  pZi  =  Zo  by  (53),  where  Zo  is  the  p  =  0  value  of  Z,  or  the 
steady  resistance.     Therefore,  finally, 

where  the  summation  extends  over  the  roots  of  Z  =  0,  shows  the  manner 
of  establishment  of  the  current  by  the  impressed  force  e.  The  use  of 
this  equation  (54),  even  in  comparatively  elementary  problems,  leads  to 
a  considerable  saving  of  labor  whilst  in  cases  involving  partial  differen- 
tial equations,  it  is  invaluable.^ 

It  is  interesting  to  compare  the  methods  of  deriving  the 
expansion  formula  as  originally  given  by  Heaviside,  and  the 
method  developed  in  Chap.  II.  It  is  observed  that  Heaviside 
starts  from  certain  fundamental  considerations  of  energy  distribu- 
tions in  an  electric-circuit  system,  first  arriving  at  an  expression 
for  the  energy  subsidence  when  the  system  is  left  to  itself,  no 
external  electromotive  forces  acting  on  it,  and  then  developing 
the  more  general  expression  for  the  current  rise  in  an  electric- 
circuit  system  under  the  action  of  an  impressed  electromotive 
force.  In  the  method  given  in  Chap.  II,  the  subject  is  discussed 
from  the  standpoint  of  current  distributions  in  a  circuit  system, 
arriving  at  the  general-expression  formula  for  the  current  rise 
in  a  circuit  system  under  the  application  of  an  electromotive 
force,  and  from  this  the  formula  for  current  subsidence  in  a 
circuit  system  is  deduced. 

1  Collected  papers.  Vol.  II,  pp.  37-373. 
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NOTE  ON  BESSEL  FUNCTIONS 

The  Bessel  functions  of  the  first  kind  J„{x)  and  /„(x)  are  defined, 
when  n  is  zero  or  a  positive  integer,  by  the  absolutely  convergent 
series: 


Jn{x)  -  2„^^,)  j  1       2(2n  +  2)  "^  2 •  4(2n  +  2)(2n  +  4) 

x^ 
2 •  4  •  6(2n  +  2)(2n  +  4)(2n  +  6)  "^ 

x"      f  X^  X* 

^"^"^^  "  2^^  [  ^  "^  2(2n  T^  "^  y-4(2n  +  2)(2n  +  4)  "•" 

+     ■ 


2  ■  4  •  6(2n  +  2)(2n  +  4)(2n  +  6) 
The  function  Jn(x)  satisfies  the  differential  equation 

d^U^)^idMx)  ^/    _.A  =0, 

dx^  x     ax  \         x-  / 

and  the  function  /»(j)  satisfies  the  difTerentinl  eciuation 

ax-  X     ax  \         X- J 

The  connection  l)(>t\ve(>n  tlic  ./  and  /  functions  is  given  l)y  tlu^ 
following  ('(juat  ions: 

Lix-)  =  i-"./„(.r), 

(i=  V-i) 

7_„(x)  =  i"/_,.(x). 

The  series  given  ai)ove  J n{x)  and  /„(.r)  become  practically 
useless  for  numerical  computations  when  th(>  argument  x  is  ev(>n 
moderately  large.     These  functions,  however,  are  e\pressii)le  in 

1  ")S 
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other  series  forms  which  are  well  adapted  for  numerical  calcula- 
tions for  large  values  of  the  argument.     Thus: 

,,,           e-      (,        4n2  -  1    ,    (4n2  -  l)(4n2  -  9) 
^nix)  =  —T==    1 TJUZ r 


(4w^  -  l)(4n^  -  9)(4n^  -  25) 


+ 


r  t  ^  f^  \t^  (         271  +  1    \       ^     .    (         2n-\-l    \ 

Jn{x)  =  -  —    P„  cosl  a: -. tt  I  —  Q^smix —  tt 

\7ra;  \  4         /  \  4         / 


where 

(4n^  -  l)(4n^-  9) 

2!(8a:)2  "^ 

(4n=^  -  l)(4n^  -  9)(4w^  -  25) (4n^  -  49)  _ 
4!(8x)^ 

=  4^'  -  1  _  (4^^^  -  l)(47i^  -  9)(4n^  -  25) 
^"  ~       8a:  3!(8a;)3  +  '  '  * 

For  very  large  values  of  x,  the  functions  approximate  the  values 
given  by    . 

In{x)  =  -4==, 
■\/2tx 

T  r  ^  [^         (         2n  +  1    \ 

JnKx)  =  ^  —  cos  (  X X  )• 

\7rx  \  4  / 

The  following  formulas  are  useful  giving  relations  between  the 
functions  and  their  differentials, /^  and /^  indicating  the  differen- 
tials of  the  functions: 

T'   —  -T    —   T 

«/„    —        'J  n  t/n+1 

Jn    —  «^n    "T"   •/«— 1 

X 

Jn+l Jn    +   Jn-l    =    0 

X 

J'o  =    -Ji 
Similarly,  for  the  7  functions, 

J'n  =     7„  +  In+l 
X 

7„+i  +  -/„  +  /„_i  =  0 

X 

H  =  ix 
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Derivation  of  formula, 

This  formula  is  used  in  Chap.  V  in  the  solution  of  wave  propaga- 
tion problems  (see  p.  104). 

Disregard  the  constant  factor  a  for  the  moment.     We  have, 
by  direct  differentiation, 


V 


Imjt)  ^  t^ylM  -  mf^-'Imit)  ^  plmjt)  _  ml „,{t) 

4m  /2m  im  im+l 


fm  fim  im  ^m+ 


By  the  relation  given  above,  we  have 


Hence, 


p/„(0  =  "^/.(O  +  imUt). 


Im{t)    _    Im+X(,t)    _  2m  '  l^.x{t) 


Differentiating  again, 


-2m  I M    I    2m  I  UP    ■    It      /.n  m    ^ 

m  Im-l(t) 

t     «- 

^  -2m   /„.(/)       2m  /„(0  _  1  /^_,(/)       7„(0 

<        ?^      /-        "^^    '<2  /m  I  {m  -T~        fn, 

^  -2m   /„.(/)    ,    2jnlrn{t)  _  1    /„.(/)  _  2m  /„.       /„(0, 


jmd 
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If 

we  replace 

t  by  at, 

we  have 

d 

1 

d 

^  ~  d{at)  ~ 

a 

dt 

2           1     ^'' 

^        a'  dt^ 

and  the  above  transforms  to 

1 

^vi  _ ; 

Vmiat)  _  .. 

4- 

J„,+i{at) 

161 


or 


(p2  -  a2)^4?^  =  (2m  +  \)a''hn±^. 


{at)""        ^  '     {at)"'+^ 

MATHEMATICAL  FORMULAS 

For    convenience,    the    more   frequently   used    mathematical 
formulas  in  the  text  are  assembled  here. 

e^  =  cosh  X  +  sinh  x 
€"'  =  cosh  X  —  sinh  x 
c'^  =  cos  X  -\-  j  sin  X 
g-;i  _  (3Qg  X  —  j  sin  X 

cos  x  =  cosh  jx ;  cosh  x  =  cos  jx 
sin  X  =  —j  sinh  jx;  sinh  x  =  —  j  sin  jx 
tan  X  =  —  j  tanh  x;  tanh  x  =  —j  tan  jx 
cos^  X  +  sin^  X  =  1 

cosh^  X  —  sinh^  x  =  1 


.     X 


sinh  ^  = 


J^Cl  -  COS  x);  cos  2  =  -^g^^  +  ^^^  ^^• 
^/^(cosh  X  —  1);  cosh  _  =  ^/^(cosh  x  +  1). 


sin  {x  ±  y)  =  sin  x  cos  ?/  ±  sin  ?/  cos  x 
cos  (x  +  y)  =  cos  X  cos  !/  +  sin  X  sin  y 
sinh  (x  ±  y)  =  sinh  x  cosh  y  ±  sinh  ?/  cosh  x 
cosh  {x  ±  y)  =  cosh  x  cosh  y  ±  sinh  x  sinh  y 
sinh  (mjV)  =  0  (m  is  an  integer) 
cosh  {mjir)  =  (  —  1)'" 
tanh  (mjir)  =  0 
sinh  (x  +  7nJTr)  =  (  —  1)'"  sinh  x 
cosh  (x  +  mJTr)  =  (  — 1)"*  cosh  x 
sinh  2x  =  2  sinh  x  cosh  x 
sinh  3x  =  4  sinh^  x  +  3  sinh  x  =  sinh  x  (4  cosh-  x  —  1) 
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sinh  {n  +  l).r  =  2  cosh  x  sinh  nx  —  sinh  {n  —  \)x 

•   ,  1      ,        •   ,         ,    n{ti  —  l){n  —  2)        ,      , 

Sinn  nx  =  n  cosn"~^  x  sinh  x  -\ ^^ cosh"   •'  x 

o 

sinh''  J-  +   • 

cosh  2.r  =  cosh-  x  +  sinh-  x  =  2  cosh-  x  —  1  =  1  +  2  sinh-  x 

cosh  3x  =  4  cosh'"'  x  —  3  cosh  x  =  cosh  x(A  sinh-  x  +  1) 

cosh  (?i  +  l)x  =  2  cosh  X  cosh  /ix  —  cosh  (n  —  l)x 

,                   ,         ,   n(n  —  1)       ,      ,       •   ,  .,       , 
cosh  nx  =  cosh"x  H ^ — ^ cosh"~-  x  sinh-  x  +   •  •  • 

^-^  =  1  ±  JJ  +  2!  ±  3!  +  4!  +   •  •  • 


sin  X  =  X  -  31  +  5!  -  7!  + 


X'=         X*         x" 
cos  X   =    1    —  01   -+-  At   -   Al  + 


J.3  ^5  2^-'' 

sinh  -r  =  a:  -i-  3j  +  51  -f  7j  +  •  •  • 

X-       x'*       x^ 
cosh  ■?  =  l-f2!^~4!~'~()!"^"'" 


Sinh.  ^^Q=     ,^^,^y     ^^^.^ 

2  2  2 

X  COth  X   =    1   -f  /    \  ..   + 7^    \  •.  -\ -7\    \  •.  + 

'+(:)'  ^+Cf)'  ^+(-r 


sin  X 


COS  X 

cot  X  =       +  2  >•,  , — - 

00 

tan  X  =  2  > 


_x-  —  nV 

I 


=  2 
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(-l)»-K2/t  -  l)7r 


SGC  X   —        / ,  /  \ 9 


cose 


(1  +  a;)-  =  1  +  mx  +  ^,  - — h— ^ ^^ + 

(1  +  x)-^  =  l-x  +  x'-x^+--- 
(1  -  x)-i  =  1  +  X  +  x2  +  a;3  +   .  .  . 

U-^a:;  i  ^  ^^       2  •  4^   ^  2  •  4  •  6  2-4-6-8      ^ 

U  -t-  xj        -  1       2^  +  2-4-^-  -  2^4T6^   +  2^4T6T8^ 
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Table  I. — Bessel  Functions 


X 

.h(x) 

J,(x) 

h{x) 

/i(x) 

0.0 

1.00000 

0 . 00000 

1.00000 

0,00000 

0.2 

0.99002 

0 . 09950 

1.01002 

0.10050 

0.4 

0.96040 

0.19603 

l.(V1040 

0.20403 

0.6 

0.91200 

0.28670 

1.09205 

0.31370 

0.8 

0.84629 

0.36884 

1.16651 

0.43286 

1.0 

0.76520 

0.44005 

1.26607 

0.56516 

1.2 

0.67113 

0.49829 

1.39373 

0.71468 

1.4 

0.56685 

0.54195 

1.55340 

0.88609 

1.6 

0.45540 

0.56990 

1 . 74998 

1.08481 

1.8 

0.33999 

0.58152 

1.98956 

1.31717 

2.0 

0.22389 

0.57672 

2.27959 

1.59064 

2.2 

0.11036 

0.55596 

2.62914 

1.91409 

2.4 

0.00251 

0.52019 

3.04926 

2.29812 

2.6 

-0.09680 

0.47082 

3.55327 

2 . 75538 

2.8 

-0.18504 

0.40970 

4.15730 

■  3.30106 

3.0 

-0.26005 

0.33906 

4.88079 

3.95337 

3.2 

-0.32019 

0.26134 

5.74721 

4 . 73425 

3.4 

-0.36430 

0.17923 

6.78481 

5.67010 

3.6 

-0.39177 

0.09547 

8.02768 

6.79271 

3.8 

-0.40256 

0.01282 

9.516S9 

8.14042 

4.0 

-0.39715 

-0.06604 

11.30192 

9.75947 

4.2 

-0.37656 

-0.13865 

13.44246 

11.70562 

4.4 

-0.34226 

-0.20278 

16.01043 

14.04622 

4.6 

-0.29614 

-0.25655 

19.()92t)2 

16.S625<) 

4.8 

-0.24043 

-0.29850 

22 . 79368 

20 . 25283 

5.0 

-0.17760 

-0.32758 

27.23987 

24.33564 

5.2 

-0.11029 

-0.34322 

32.58359 

29.25431 

5.4 

-0.04121 

-0.34534 

39 . 00879 

35.18206 

5.6 

+0.02697 

-0.33433 

46 . 73755 

42.32829 

5.8 

+0.09170 

-0.31103 

56  03810 

50.94618 

(•)  0 

+0.15064 

-0.27668 

67.23441 

61  31191 
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Table  II. — Exponential  and  Hyperbolic  Functions 


X 

f^ 

e-^ 

Cosh  X 

Sinh  X 

0.0 

1.0000 

1.0000 

1.0000 

0.0000 

0.2 

1.2214 

0.8187 

1.02007 

0.20134 

0.4 

1.4918 

0.6703 

1.08107 

0.41075 

0.6 

1.8221 

0 . 5488 

1 . 18547 

0.63665 

0.8 

2.2225 

0 . 4493 

1.33743 

0.88811 

1.0 

2.7183 

0.3679 
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